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PEET'ACE 

In preparing this volume of solutions of the examples 
in my Treatise on Differential Equations, I have Avorked 
out each example myself. In the preface to the first edition, 
there was a guarding phrase “ I cannot hope that, among 
so many, all results given are correct and all equations set 
are soluble.” I am glad to fiind that, with possibly three 
exceptions, all the equations have proved soluble. But it is 
not possible to guarantee that all my solutions are correct. 
I had not the courage to ask anyone to share in the labour 
of revision ; and I shall be glad to receive corrections of 
mistakes or misprints found by those who use the book. 

The references relate to the fourth edition of the 
Treatise. 

The first German edition of the Treatise, translated 
by the late Dr H. Maser, contained the solutions of most 
of the examples in my own first and second editions — not 
a few of them were supplied to him by me. But my later 
editions contained a vast added array of equations, not 
solved in the second German edition. To make the 
volume complete, all the questions (except where the 
results were taken from original memoirs) were worked 
out anew from the beginning. 

I have had in mind principally the needs of teachers 
and only subsidiarily the ease of students who are in a 
position to follow courses of instruction. My hope is that 
the volume will prove useful to those for whose benefit it 
has been compiled. 

And I wish to thank the Staff of the University Press 
at Cambridge for their care in printing the hook. 

A. R. P, 

Imperial College of Science and Technology, 

London, S.W. 

15 May 1918 . 




CHAPTER L 


§ 10. Ex. 2. When substitution for the three functions Ui, Uo, ‘ih P* 1^ 
is made in the Jacobian determinant 

8 (^ 1 , Uq, Us) 

dlx,y,z) 

the latter is found to vanish. Hence there is a relation. 


For the relation, we have 


■Hg = ahc \^x^ 
= ahc 


b G 


• 2ahc (BGyZ '\' ...) 


ax^ 


G‘‘ 

(- -T~ -{ 

a b c 




■2ahc(BCyZ‘^...) 


= ahc (' 


AJ^ E 0^ 
\ a b c 


Uj — abc’UoK 


CHAPTER II. 


13. Ex. 3. (i) (1 + + (1 + ff = A. 

(ii) tan x tan y = A. 

(hi) Use the substitution x-\-y — z\ the integral is 


— tan' 


i^A.y 




(iv) 


~dy + \ log (1 + + 2 (] 4- xf- = A, 


p. 19 


a a 

'ii + yf . 

l+'f 

where the integral should be evaluated, as is desirable always 
when the integral can be evaluated ; the result, in this case, is 




(log^)sin^7r-^i 


tan”^ 


94. 


U Sm -^TT 


2' 




cos ATT 


F. 
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CHAPTEE II. 55 13-15 


where = 'ir — 2"i' u cos -f 2-, 

0-2 = -f 2^ U cos -^TT -f 2-, 
and ^ = 

(v) Substitute ?/ = tan^', ^ = tan^', <5^>" -” ^' = % 5 the in- 
tegral is <b' — 71 [ — ^ — = A, 

^ ^ J 71 — sin X 


21 I 14. Ex, 2. (i) y = Ax (I — x-)- + ax. 

(ii) y — 1 + sin x. 

2(jb 

(iii) - j- {2c cos (^^; + /S) + sin {x + /S)j. 


(iv) 
Ex. 3. 


y = Ac'''*’*®! + («) — 1. 


Taking j^-y- 


-z, we have the equation for 0 in tlu^ fori 


ax 


dx\P)' 


so that = (7 + | ~ f dx ; 

whence the result. 


22 §15. Ex. 5. (i) I = + 

Z“ 

(ii) - = 4 (1 - - a, 

z 

(iii) ^ ~ sin xdx, 

where the integral cannot be evaluated in finite terms. 

(iv) Interchange the dependence of the variables ; the in- 
tegral is “ = J. e ” — (y- — 2). 

Ex, 6. The integrals of the four equations are 
y — A sin (x -f A'), 
y = B sin x + B' cos x, 
y = C cos x+ C' sin x, 
y = 0 L sin (x + a), 

respectively ; as the constants are arbitrary, these are equivalent 
to one another. 



CHAPTER II. § 16 
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§ 16 . Ex. 2. (i) (y - ««)“ ^ 2 / - ° p. 26 

■where a is a root of t- — mt+l = 0, unless m = 2. 

When m = 2 , the primitive is 

CC 

(y-x)e^-3^ = A. 

(ii) ye A. 

Ex. 4^. (i) {y — x + iy{y-\-x—Vf — A. 

(ii) ( 8 y 4 - 4x + 5) = A. 

(iii) (y-x — 2)-^(5y-hx + 2)—A. 

Ex. 5. Let the degree of the functions P and P be ; and 
that of Q be m ; then 

P = a;»/j (v), Q = (v), R = (v) ; 

the equation between v and x is 

dx (v) fo (v) , „ 

dv vf\{v)-Mv) vf\(v)-f;(v) 

wdiich is integi’able by the method of § 15. 

Ex. 6 . As in Ex. 3, § 16, take 

x-=h 4- x\ y=^k 4- y\ 
and choose h and k so that 

All" 4“ Ehic -1- cell + ^k 4” 'y = 0| 

Alik 4’ Ek" 4- (^li 4" ^ k 4~ y — OJ 
which can be satisfied by taking 

ah 4" /SZ; 4- 7 = Oh, ah 4- ^'k 4 - 7 ' = 6k, Ah 4- Bk 4-^ = 0 , 
so that ^ is a root of 

a “ 0 , /3, 71 = 0 . 

- 0 , 7 

B, e 

For any of these values of 6, leading to values of h and k, the 
differential equation in y' and x has the form of the equation in 
the preceding example, for n — m— 1 . 

The equation was first discussed by Jacobi, Ges. Werke, t, iv, 
pp. 257-»262. 


1~- 2 
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CHAPTEE, II. §§ 18, 19 


p. 29 §18. Ew.l. Let x—f{u), p = F(u); then 

so that y = A-hJF (u) f' {;iC) dii. 

Eliminate u between this equation and 

Ex. 2. (i) The primitive is given by the original O(|uation 
x — a\ogp— ibp — A. 


combined with 
(ii) 


V’ 


■ a coslr 


, X -}- a 


' = ^1. 


a 


p. 31 §19. Ex. 2. (i) (y-\-Ay=2ax. 

(ii) Resolving the equation for p, we have 


jj+^=(i + 


y. 


The primitive can be obtained, either by taking ij:= imj, as in (iii), 
§ 16, or as follows. 

Take y = r sin 6, x=^r cos 9, p^ tan ^lr == tan (cj> + 9)y with tlie 
usual notation of curves ; then 


tan 4 - tan 6 = sec 6, 


so that 

sin + — cos i/r. 

Thus 

2\jr -i- 9 ~ l-TT, 

and therefore 

<^ = i"7r - ^ 6>, 

leading to 

^■^ = tan(i7r-iJ0), 

which gives 

y (Sx- — y-) -h E- 
1 

Similarly from 

■p+i— 

we have 

= y (3x‘- — y-) + G. 


Thus the primitive is 

[A+y (3jc“ - y^Y = = (»' + y'J, 

that is, + 2 .4 ?/ (3*- - y-^ = acr {a? - 3y‘-)-. 

Ex. 3. (i) A^ — Axy (!+») + = 0. 

(ii) A^ — lAx^ y cos (3^ log a-'-) + afy- = 0. 

(iii) {y~\x'^-A){y + x-l-Ae-^) = 0. 
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CHAPTER II. §§ 19, 20 

(iv) {y-Ae^''^){y- ^a?- A) {y {A- x) -!] = (}. 

(v) {y + \hx^-A)\AiA{y-A)-‘^^0. 

(vi) The equation can be expressed in the form 

du , 

—i^=±dy, 


where y = ux. The primitive is 


9 ? 2 \ - 


r 


Aey + [l + ^\ 1 + 




fj 


(vii) (y — Axe~^) (y + x- — Ax) = 0. 


jEx. 4. Let the equation be resolved for 
of the form 


dif 

5^’ 


any root will be 


dy ^ 
dx 




'yjr 


f(t)' 


When y = tx, this gives 
so that 


^ ( f) 
^(0 




dt 4>(t) 


and the variables are separable. 

The primitive of the example is 

(y — ^x — A) {(t/^ — Ay -f x^} = 0. 


§ 20. Ex. 2. (In each . of the following examples — and so far p. 34 
as is possible in all examples that may have singular solutions — 
curves should be drawn, (a) to represent the primitive for different 
values, of the arbitrary constant, (/3) to represent the singular 
solution. See a remark, later, on the examples in § 29.) 

(i) Primitive, y = Ax -h (1 + ^ 2 )^' ; 

Singular Solution (being the envelope, as is the case in all these 
instances in Ex. 2), x^ + y^ = l 

(ii) Primitive, y — A(x A V) — A}] 

Singular Solution, {x + 1)^ = 43 /. 
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CHAPTER II. §§ 20, 21 


35 


(iii) Substitute Y 

Primitive, aA^ + 2^ (2aj — 6) — 4}i/ = 0 ; 

Singular Solution, ( 2 ^ 1 :; — 6)- + 4ay- = 0. 

(iv) Substitute X = Y —y-: 

Primitive, y'= Ax^ + A^; 

Singular Solution, ^6-^+4^^= 0 (which is imaginary for real valuers 
of X and y\ 

(v) Substitute Y—y-: 

Primitive, y^ = A x + A ■’ ; 

Singular Solution, 27;^^ + 32r^ = 0. 

§ 21. Ex. 2. (i) The primitive is constituted by tlu‘ e(|uati()n 

x — yp-^ apr 'I 

X (1 — == (xl + sin""^ p) I 

there is no singular solution, for the equation 

y^- + 4iax = 0 , 


obtained (§ 22) by giving equal roots for p^ docs not satisfy the 
differential equation. 

(ii) The primitive is 

2 / = + ,ax (1 + p-)‘ 

«?(1 + p ^)- (p + (1 + 

there is no singular solution. 

(iii) The primitive is obtained by associating 




I 




m 


hi 


2m- 1 
1 m - 1 


dj. 

(i + p>)® ■ 


with the original equation, unless = 1. 
When m = 1, the primitive is 

y==Ax-t n (1 ; 


and then there is a singular solution 

a 




0 

n-. 


(iv) Primitive, f- = Ax + \A^-, and no singular solution 
{a?+y'^= 0) for real values of the variables. 

(v) Primitive, x'^ + 'f — ’ixA + 42(1- ; 

Singular Solution, (1 — w®) y-i — 



CHAPTER II. §§ 29, 30 


§ 29. Ex, 7. (The figures should be drawn in each instance.) p. 47 
(S) The primitive is 

A A -- 62 ’ 

there is no real singular solution. The equation represents a 
family of 'confocal conics — as well as their orthogonal trajectories : 
obviously ellipses for A > Ir, hyperbolas for 0 < ^ < If. 

(e) The primitive is 

2 / (1 — 2/^)2 + sin~^ y — ‘ix A. 

There is no singular solution. There is a cusp-locus y=±l (which 
is not a solution of the equation, for = 0 along this locus) : that 
these are cusps, may be seen by taking 

2/ = l-77, 2^ = 4-7r-^-2f, 

where ^ and rj are very small, and shewing that 

(^) The primitive is the family of conics 
^.2 + 2 /^ — 2Axy =1 — ^2 

(which should be drawn). They all touch the lines 2/ = ± 
which constitute the singular solution. 

(t)) Take hx — ay =c(b + ap) Qf + and use §21. The 

primitive is (ay — A)- -f (6^ — )2 = f. 

There is a singular solution 

bx-- ay - ±c \/ 2 , 

being two lines touched by all the ellipses. 

There is a tac-locus (which is not a solution) 
bx — ay = 0, 

being the locus of the points of contact of different ellipses. 

S30. Ex. 2. (n p. 50 

\\y 

(ii) The primitive can be obtained as the eliminant oj 
and X between the equations 


X = 

yd — X 

Probably there is a simpler form. 
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CHAPTER 11. MISCELLANEOUS EXAMPLES 


p. 50 Miscellaneous Examples at end of Cmapteh IL 


Ex. 1. (i) I log {x- + y^) + tan-^ = A, 
or re^ = a, in polar coordinates. 

(ii) (x-yYe~^ = A. 

(iii) Take y = xhi ; then 

dx du 

^ ~ (1 + v)^ - 2i(,’ 

which can be evaluated simply by substituting u + I == v\ 

The locus y + x‘^ = 0, obtained by giving equal values to is a 
cusp-locus : it is not a solution of the equation. 

(iv) The primitive is given by the combination of the 

original equation with xp^ -f- = A . 

The locus y -P ^•'^ = 0, obtained by giving equal valiu's to is a 
cusp-locus : it is not a solution of the equation. 


(v) From the equation, 

np 

y = 

m — p- 

Use § 21: the equation to be associated with tlu‘ originaJ 
equation is 


The curve 4my- -p = 0, obtained by giving e(|u;il valu(,‘s to 
p, is a cusp-locus ; it is not a solution. 


(vi) ^Substitute y = The pniniti\ 


y 

there is a singular solution 4yV*= 27. 

(vii) (Substitute p = ict.) The primitive is th(M::ombi nation 
of the equations 

1 + f ^ (r+?)-- • 

There is a cusp-locus ^xjci=^ 4ik 



CHAPTER II. MISCELLANEOUS EXAMPLES 


9 


(viii) (Substitute ^ = Ijx'.) The primitive is 

A o? 

and there is a singular solution xy- = 

(ix) (Make x the dependent variable.) The primitive is 


2/- a 




2/ = 0. 


X n + 

(x) Primitive — "^yA + A^ sin- x=^0 ] singular solution 

(xi) (Substitute x=^ The primitive is 

{y -f{A)Y = 4!Ax. 


(xii) y---A+j^-^a?=Q. 

(xiii) (Take new variables e^ = X, Y.) The primitive is 
(ey-Ae^f-A^^l; 
the singular solution is — 1. 

(xiv) (Solve for p, and substitute y = xu.) The primitive is 

y 4- ( 3 /^ -f 7ix-)- — Ax ^ ; 

there is a singular solution 

y- 4- nx^ — 0. 

(xv) y 4- 2y3 - frry + -| ^ ^ . 

( xvi) 4- y^ = Ax. 

(xvii) ^Take x^y^ = X, x^y^ = F, and constants X and y. such 

that ^ ^ 

hn — an em — c?^ be — ae' 

The primitive is XX^^ — = A. 

(x viii) (y^ 4- x-y + 2a- (y- — x^) — A . 

(xix) (Express the equation in the form 


xp-^y. 


XT — y-' 
x^ — 1 , 


and substitute y — xn.) The primitive' is 

{y^Ax^y = {a^^7f){x^^l)', 
the singular solution is y^±x. 
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CHAPTER 11. MISCELLANEOUS EXAM1>LES 


(xx) (Change to polar coordinates ^• = ?'Cos^, y — r&inO.} 
The primitive is 

1 — 2a?’ == cos (6 + A). 

(xxi) y {w + (a- + - a- log {x + (a- 4- = A . 

(xxii) (Change to polar coordinates a?== ?‘cos0, y = r^\n6,') 
The primitive is 

^r_y(r^)dr 

J'T — a<j()-(?’‘'^)}- 

(xxiii) xy cos ~ = A, 

(xxiv) (A factor xy + 1 has to be rejected.) Then tJu‘ primi- 
tive is 

xy — ^ — 2 logy = A. 
xy 

(xxv) (Change to polar coordinates.) The priniitivc‘ is 
[A {x- -f- y-) + X cos a — y sin a}" = x- + y-. 

Ex. 2. The coefficient of for all values of ?//,, 


du 

Ay,, 

m ~~r~ IS 

dx 

(7U-1) 

du 

mAy,_-,^ 


{m - 1) : 



,, X''U ,, 

(m. - ‘i) ] 


the relation between the coefficients gives 


du 

dx 


, du 

— f X h U 


dx 


^ + ^^xhi-=0. 


Hence A -h log (1 — it;)^} = lx -}- ^ x\ 

But u == 1 when x = 0; so A = 0. Hence the result. 

Ex. 3. The primitive is 

6 (f) (sin 2d + sin 2<p) ~ 2 sin a sin 6 sin ^ = A. 

When 0=0, and <;& = «, then 

A = a -f J sin 2a ; 
so that the equation becomes 

^ ^ J (sin 20 -f sin 2^ — sin 2a) — 2 sin a sin 0 sin <j> = 0. 

Verify that this is satisfied by 

0 4- ^ = Of. 
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Ex, 4. [The equation should be 

Gydx — (2/ 4- a + hx) dy — nx {xdy — ydx) — 0.] 

From the given substitution dyjdx — u; then 

{c‘^— he + na + (& — 2c) u + -- = (a + 6^ + 7ix")~'^ , 

c nx 

The substitution u — 0 ’\-nv leads to the result^ if 
(p {t) = (a + + cf ) (c + nt). 


Ex. 5. (For the first equation, change the variables, x-=X, 
y- = F.) The primitive is 

V + {x^ — cvif — ^ = 0 ; 

there is a singular solution 

^ax-y^ + {x^ - ay‘'- — bf = 0 . 


The primitive of the second equation is 


y=Ax^ 


yA 


and there is a singular solution 

/3V + ary^ 4- y^ ~ 2a^xy 4- 2^yx 4- 2yay = 0. 


Ex. 6. As 
it follows that 
that is, 

hence the result. 


dz _ — 1 


Ex. 7. The proper value of k is b~ja^\ the primitive is 
{a^-^h^)u^+a^ = Av\ 

Ex. 8. (If derivable from a common primitive, the two equa- 
tions of the first order must lead to the same equation of the 
second order on the elimination of the constants.) 

(i) The equation of the second order is the same for both, viz. 
y” ipey + 1) + y {y - coy') = 0 ; 

and (neglecting xy = which does not satisfy either of the 
equations) the primitive is 

ah{xy — l) — hx + ay — Q. 
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CHAPTEB II. MISCELLANEOUS EXAMPLES 


(ii) The primitive is 

(x-ay+(y-by = l. 

(hi) The equations are not derivable from a common primitive. 


Eoo.9. (i) Use a substitution ^ = + the primitive is 

aP + = A. 

(ii) It is sufficient to take a point 0 on the curve as ori^^dn, 
with the tangent and the normal at 0 as axes of .r* and y; another 
point on the curve, where w, y, p = a, h, c: and a third va.i‘iable 
point P. 

The area of the first triangle is 

the area of the second is 

Equating these, we have either 

b — ac ’ 

giving y — Ax = (6 — ac), 

a trivial solution (it has no envelope): or 

y ~~ P^' ___ 


h — ac 


c- 


giving 

the envelope of which, viz. 


. h — ac . 
y — Ax = - A\ 

0" 


— ac ^ 

+ 4 __ y = 0 , 

is the required curve. 

52 Ex. 10. The primitive is 

iB(l+ + log {iC + {l+ 

+ y(l+2/“)'^ + log {i/H- (l+y=)i{ 4-2//a7/ =^1, 
so that under the conditions 

A = n (1 + + log [ft + (1 + 
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Let w = sinh y = sinh y\ n — sinh the equation is 
x' -^y —n ^ sinh x cosh x' + sinh y' cosh y 

— sinh cosh + 2 sinh x' sinh y sinh n* = 0, 

that is, 

X* y — n 4- sinh {x + y‘) cosh {x' — y') — sinh n' cosh n' 

+ sinh n' {cosh {x + y') — cosh {x — y')] = 0, 

that is, 

X + y — n + {sinh {x -f y') — sinh n'] cosh {x — y') 

+ {cosh {x' + y') — cosh n'] sinh — 0, 
which manifestly is satisfied by 

x' -{■ y —ri 0. 

When this last relation is expressed in terms of x and y, it 
becomes 

— 72- = + 2xy (1 + 


Ex. 11. Change the variables, by taking 

22^-2 . y- 


a 0 


the primitive is 


X^l + Ae 


^•^ + y2= F; 


The second solution is given by = 0 ; so it is a particular 
solution. 


Ex, 12. The roots of the jp-discriminant are xy y — 0. 
[The former is not a solution of the equation.] The latter 
satisfies the tests of § 28 : so it is a singular solution. 

To find whether it is a particular integral, substitute, y = 
then, if ^ = dujdx, the primitive is given by associating 

x(f = JL 4- ^ log g, 

with the original equation which now is 

{2xq + Ilf — q. 

Thus the solution y = 0 is not a particular case of the general 
integral. 

[For more exact tests as to discrimination between particular 
integrals and singular integrals, consult the authors Theory of 
Differenticd Equations, vol. ii, pp. 260-265.] 
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CHAPTER II. MISCELLANEOUS EXAMPLES 


Ex, 13. (i) Primitive is given by elimination of p l)etAvo<,m 
the equation and 

— 2/ip- 4- 2p- log (p -f /^) — ^ctx = A. 

The p-discriminant leads to 'the relations 

(a) p = 0, 7/4“ jjLX = 0, not consistent : 

(h) p — f/i. = 0, not leading to a singular solution. 

It should be noted that p-t-pa; = 0, with the corresponding relation 
^ ^ = 0, satisfies the equation ; it is a particular solution (hi = x ). 

(ii) Primitive (after substitutions // — F, .7-*“= X) is 

2 

y-x=- Ax- + ^ ; 

there is a singular solution (x — t/)- = 2x\ 

(iii) Primitive is y-= 44 {x — A); singuLir solution is 

X- — 7 /“ = 0 . 

(iv) (Solve for p in terms of p, and take ii- = 4// + 1.) Primi- 
tive is p = A-e-^ — Ae ^' ; 

a singular solution is p == — 4-. 


Ex. 14. (A) When the suitable value of // is sul).st.itut(7l in 
the equation cp {x, y, p) = 0, the equation becomes an idmitity : so 

dx ^ dy dp clx 

When, A = 0 -is combined with = the foroLminn reln- 

3a; dv t-. 


tion requires 


either = 0, or ^ = 0 ; 
dp dw 


and it will be satisfied by the simultaneous occurrence; of tin; 
requirements. Thus, after the elimination, we shmild ex])ect any 

locus given by ^, = 0 to be included. But is w^ioro it 

vanishes, there is a point of inflexion on the curve. Heuco any 
inflexion-locus of the family of curves will be included in tiro 

eliminant of 6 = 0 and -F n = 0. 

■ dx ^dy 
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(The relation 


dcf) 

dp 


= 0, with the two equations, gives the singular 


solution : see § 28.) 


(B) The primitive is 

(16y -{■ 4iX^)^ — ir (1 + — log + (1 + = A . 

The eliminant of ^ = 0 and = 0 (the ^-discriminant) is 
(1 + x^) (l%y + + 4^^) = 0. 

The eliminant of <^ = 0 and -f-p = 0 is 

ir (102/ + Bx“) {16y + x^ + 4^^) = 0. 

There is a singular solution Id^/ + ^-^ + 4ir- = 0 ; and there is 
an inllexion-locus x {IQy -h Bx“) = 0. 

(See the reference to Darboux’s paper, p. 44 of the Treatise.) 


Ex. 15. The primitive is obtained by eliminating p between 
the equation and 

Bx = Ap -P — ; 

p- 

it is + A (8y^ — I2axy) + IQax^ — = 0. 

The equation common to the p-discriminant and the -discrimi- 
nant is 7/^-“ a^' = 0; it occurs in them in different degrees; it is 
not a singular solution, but a tac-locus. 


Ex. 16. The verification is direct. p. 53 

The c-discriminant is (x -p p)- = 4 (1 — xy), which is a singular 
solution. 

The p-discriminant gives the preceding singular solution, and 
also X — 7/ = 0 which is a tac-locus. (The curves should be traced.) 


Ex. 17. Substitute 7/- = ?/'; the equation becomes 
y' =2xp' 

to which the method of § 21 can be applied, so as to obtain the 
given primitive. 

The relation 2^ = ± ay, derived from the p-discriminant, is not 
a singular solution, but a tac-locus. 
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SUPPLEMENTAEY NOTE 


56 


Supplementary Note to Chapter II. 

Ex. 2. (A) When the suggested calculations are carried out, 
as in the text, it is found that 

for ^ = 0, y = I ; 

„ ^‘ = 0-2, y= 1-168; 

„ .x* = 0-5, 7/ = 1-339; 

„ y= 1-499. 

(B) The primitive of the equation, subject to the condition 
that ^% = Q when ?/ = 1, is 

in polar coordinates. 

When x=ly that is, r cos 0=1, we have 

cos 0 = 1, 

giving 0 = 56° 17' approximately ; and then y, — r sin 0 = tan 0, 
lies between 1-498 and 1*499. 

(See the reference to Eunge’s paper, p. 53 of the text.) 



CHAPTEE III. 


35. Ex. By the result of § 33, we have 
1 


p.61 


y = 


{D + kJ 




= \^^^Vdx^ — ^xjjj(^Vda? + 6 fJffe^Vdx*), 

on using the theorem of § 35. 

§ 36. Ex. For any value of m, we have, by the theorem in 
§ 36, F (xD) x^ — F (m) 

F(xD)xr^_ 


that is, 
thus 

and therefore 


x"‘ = - 


F (m) 


■ x"" = 


F{xD) F{my 

1 rr ^ A (7 „ 

F~{xD) ^ ~F{0)'^F {if Fj2) 


§ 41. Ex. When m particular solutions of the original equation p. 65 
are known, then m — 1 particular values of z (other than z = l) 
are known : that is, m - 1 particular solutions of the new equation 
in Z, which is of order n - 1, are known. 

So on, in succession, the order can be reduced as stated. 


§ 45. Ex. 7. After the substitution, the equation becomes p. 70 
bV-p^+Abz'^f + By=0. 

dz‘ dz ^ 

When the roots of the equation 

(m — 1) + Abm + B = 0 
are unequal, being nii and mo, the primitive is 

and, when the roots of the quadratic are equal, the primitive is 
y = z™^ {M + N log z), 
where Mi, M, N are arbitrary constants. 
n p. 


2 
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CHAPTER III. §§ 45, 46 


Ex, 8. (i) y =■ A cos (x a/ 2 -h a) -j- £ cos (x ; 

(ii) y = A cosh (ax2~'^) cos (ax2~'^) 

+ B cosh {ax2~-) sin {ax2'~-) 

+ G sinh {ax2’^^) cos (a//; 2“^) 

+ D sinh (a^2~^) sin (ari-2“^) ; 

(iii) y — A cosh ax + B sinh ax 

+ £'cosh \ax cos {^ax a/^) + F cosh ^^ax sin (4 a//; \/3) 

+ G sinh \ax cos (\ax i/o) 4- H sinh 4a.i* sin (1 a.r \/8) ; 

(iv) y = A cosh x -f- B sinh x + A' cos ./■ 4- B' sin x 

4- E cosh ~ cos ~~ + i"cosh sin 

aJ L aJ 2 \/2 

4- Q sinh cos + if sinh sin ; 

>^'■2 V2 \/2 

(y) xy=A + B log X ; 

(vi) y — A(l+x)--^-B cos {/S + 2 log (1 + .r)}. 
p.72 §46. Ex.4>. 

(i) y — {(^ + Bx) cos Q^xsl%) + (A' + B'x) sin (i.rv'M)) 

4" 1 — Sx 4* x^ j 

4- (*S cos 2x + C sin 2x) - 4- Gir~x 4- 

p. 74 Ex. 1. (i) y= {Ao + A^.x . 4- , .t''' j ; 

( i i) y Ae-^ -h Be^^ + -J- — i- x&^. 


p. 76 


Ex. 8. (a) y 


2 

r=l 



xe^ 


Ex. 11. (i) y — l{x— 2) + complementary function in solu 
tion of Ex. 4, (i) ; 

(ii) y = 

4- + Bx) 4- (A' 4- B'x) cr 

4- ((7 4- Ex) cos X 4- {G'+ I/x) sin x. 


Ex. 15. (i) The complementary function is cos.r 4- //sin ;r 
when n is not unity, the particular integral is 


1 

- , sin nx ; 

when n is unity, the particular integral is "-|^t;cos.r; 



CHAPTEE III. § 46 

(ii) 2 / = — cos ^ sin lx + A cos (a V3) ; 

(iii) 2/ = ~ ^ cos cos (a + -|ia:^V3); 

(iv) The complementary function is 

(A + Bx) cos X + (J.' + B'x) sin 
When a is unity, the particular integral is 

■^^x^ sin X + ^ > 

when a is not unity, the particular integral is 
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p. 77 


X- 4 + 20 a 2 


cos aiT + - 


Sax 


sin ; 


(1 - a^y 

(v) 2/ = A cos 2x + B sin 2x‘{-^x-‘ ^^x cos 2/r ~ j 

(vi) The complementary function is 

(^0 +AiX + . . . + (5o + + . . . + Br~i sin 

The particular integral is the real part of 

when r is even and equal to 2n, this is 


+ - 


cos 271X 
sin 2nx 


( - 1 r ( 1 - 2?i + 1 (1 - xf^^ I 

(2/u)'’^^ _ (2?^ + 2) ! 4r/i2 (2?i — 1) !j 

^ (1 - 
m (271 + 1) ! 
and when r is odd and equal to 271 + 1, it is 

(- (1 - 2n + 2(1- ^0-”+^ wo .IN 

L r k + 3 ) ( 2 '* + 1 ) * 

2 « + 1 (1 - 


/o , o\,'Cos(2« + !)« ; 

771 (271 + 2)1 ' 

(vii) y — {A Q-\- A ix) cos x\'S + {Bq + Bix) sin X\JS 

+ V3 + a) - cos {x^/S + a) |- ; 

(viii) y ™ Ae'~“^ + e^{B cos + G sin x) + (3 sin x— cosit’); 

(ix) y = A cos cosh ^os ^ sinh ^ 

^ . 7ix , 7111? . nx . , 71X 

+ G sin — , cosh --7^ + 1/ sm -7^ smn -75 
+ 2 /\/2 V-" V*" 


Sin Ak; 

+ -.w + 




120 i 6* 


7^4 _j_ ^4 ^ iQg pj 


a'i4 nS 
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CHAPTER III. § 40 


p. 81 


(x) y = AcoB{ma) + a.) + Bcos(na) + ^) 

1 X sin VLX 1 X sin nx 
4 m (?/.- — nir) 4 n> {mr — 7ir) ’ 

(xi) y = A coBxi- B sin 

.. X , xJS X . , 

+ ^ cos - cosh cos ^ sinii --- 

^..x ■, X a/ 3 7^ / • X . , t7' \J f > 

+ G sm ^ cosh ^ -f 1) sin smh—^ 


+ -^-^x sin X + cos 2x, 

Ex. 20 . (i) When a and n are unequal, 

2/ = A cos Tix 4- B sin nx 

x^ 2n^ + Oa^] 4<'/./r 


+ 

when a — n, 


j ^ ^ . (JOS ax 4 - , sin ax ; 

(?r — (i- {71^ — a-y ) ('?r - a-) 


/x^ 


V = Acos?^^^--Bsin7^^••f (77 - , . 

\ijn 471*7 


X \ . 

- 1 sin 'iix + ™ — cos 7(x ; 


(ii) y = + jBe | U (^) sinh n {x - ; tiu^ par- 

71 J 

ticular integral can also be taken in the form 

~ j^'u (I) {e« 1 *-^) - e-»(a;- 5 )] . 

(iii) y = AeX^ + Be-^^^ + X. 


Ex. 21. Taking the second form of integral in i^x. 20 , (ii), 
the particular integral of Ex. 20, (iii), has the form 

V 26 


6-^72 j _ V2 e-^X I ' + « 72 

a J h 

for some constant values of a and h. These are to bi^ detiu'mined, 
so that this expression shall become equal to Now 





H^) 


hence, on taking 
the expression becomes 


“ V 2 ’ ^“V 2 ’ 


that is, 


_ 1 ^ 

V2 


X + 


J2 


V 2 
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§ 48. (The following examples should be solved in both of the p. 84 
ways indicated in § 48: viz. by using the operator and by using 
the transformation x = given at the end of § 48.) 

Ex, (i) y = Ax^ + Bx^ -f-la? ; 

(ii) y = x[A cos (log x)-\-B sin (log x)] + x log x ; 

(iii) y = x{A + B log x) + Gx^ + — ^x (log xy ; 

(iv) y = {A + B log x) cos (log x)-\-{A'+B ' log x) sin (log x) 

4- (log xy 4 2 log x — S; 

(v) y = x^ (A -hB log x) 4 x- (log xy ; 

(vi) y = Ax^ + ^ + ^{x^-^\ogx-, 

(vii) y — x^^^' [A cos {n log x) + B sin (n log x)] 4 x^'^ log x. 

Miscellaneous Examples at end of Chapter III. 

Ex. 1. Let the primitive of the equation (D) = 0, of order p. 85 
w, be F. It satisfies the equation /^i(D) = 0, of order n\ so that, 
if Z = ?^ — m, the primitive of the latter is 

y=F4 S A,y,^Y^z. 

/x = l 

Let f,n (B) z = u, 

so that f^n (D) y — II \ 

and manifestly u satisfies an equation of order 1. Now, taking 
B%,{D)y = Bhb, 
and an appropriate combination 

[B^ 4 4 ... 4 P^] U W y==(B^ + PiB^-^ 4 ... 4 P,) % 

and choosing the coefficients Pi, Pi so as to make the differ- 
entiating terms on the left-hand side correspond with the terms 
in fn{B) as far as they go, we have 

(P^4PxP'"^4...4P^)u = 0. 

Moreover, this choice requires no integration: that is, the co- 
efficients P can be obtained directly. Hence when this equation 
of order n — m is integrated, we have a value of u containing 
Qi — m arbitrary constants : so that - 

fm{D)z= 2 G„U^. 
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CHAPTER III. MISCELLANEOUS EXAMPLES 


When the particular integral of this equation is detonnined, and 
also its primitive, the integral of the equation of order n {> vi.) is 
given by 

Ea.\ 2. (a) soy ^ ; 

2 

(/ 3 ) Substitute 3/' + ^3/ = ^ ; the equation is 
so 


so that, by (a), 
that is, 


z” + ~ = 7?.“£r, 

X 

xz = A' 

I 

- {oo^y) — x-z = X (A'e^ + B'e~'‘^‘^) 


and therefore x-y = A {nx — 1 ) + Be'~'‘^'^ (nx + 1 ) ; 

(ry) y = A cos x + B sin so 4 - 1 x sin + jo cos Sx. 

JEx, 3. The particular integral is the real part of 
(c -f- 

Ex. 4. Apply § 46, (v). We have 

1 I ( J- 1 

B ^ + kJ) + 2 in' \D + -J- /c — in I) + 4 /c + i^t'J ’ 

and therefore the particular integral is thc‘ rea.1 part of 
that is, it is ~J (' - 0 sin {n' {t — t')} U{t') d.t'. 


Ex. 5 . (i) y = Ax^ + ~ + (7 cos (log + JO sin (log so) 


+ ^ ~ i X sin (log 

(ii) Let C6 == (6 4- 2 a/6)-, t = (6 — 2VC))^; the primitive is 
y = Ae^^ + Be'~’^^ 4- 4- 4- ; 

(hi) 3/ = ( A + Bx) 4- (A' cos it; V8 4- B' sin rt; V8) c4* 

+ ih — a/ 2 sin ;r ^8); 

(iv) y = (A + B cos it; 4- 0 sin x) 4- xe^ 4- fV (3 sin x 4- cos ir) ; 
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(v) y= A cosh-|^cos-|-a?/v/3 +5cosh^i3?sin-J.'cV3 

4- C sinh ^00 cos ^w^/S + D sinh sin ^3 
+ a (x^ - 2) — (9 sin 2x + 20 cos 2^); 

(vi) y=^{A-\-Bx-{- Ox^) e~^ 


H- lx^e~'^ 4- — 6^6’ +12 + 6“ 


'JJJ: 


-e^dxdxdx. 


Ex. 6. The roots of the equation = 0 are a, — a, and p. 86 

( TTC , . T'TT\ 

cos — + ^ sm — L for r = 1, . . . , - 1. Hence the form of the 

n nj 

complementary function. 

When resolved into partial fractions, the two fractions 

corresponding to any one value of r are 




r — - ?• — 

Q n e 

^ + 


(i) — ae D — ae 
and therefore the corresponding part of the particular integral is 


1 f iri r — cx r — 

i 1 r-~ + axe n 75- 


TTl 

, r— 
+ e n 


r^ + axe ’’ n '' f i^) d^\ , 


which combine into the given expression. 


Ex. 7. The roots of the equation cos ^ = 0 are 5^ = + (^^ + i) vr, 
for all positive integer values of n, zero included ; hence the com- 
plementary function is 

71 = 0 

As ( cos {C cos x) 

= (7(1+44-4 + ... COS^' 

= (7 ~ (^6 + cos X, 

2 

-COSit?. 

g + g -1 


the particular integral is 
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Ex. 8. We have 

(^“ (-^-^“ ,^^ ^7,.) lO'' + «)"i>gE> (. 

= {x + aYD-(^ (.'?;), 

and so on; hence the result, witli the assumptions of § .33 
the form of f. 

Ex. 9. (i) We have = S Now 

ml 

2^" + ^DV + ^i)"+^ — 

m! 

_ 1 ) ... {i^m — '^0 ^ /; 

m 1 “ 

_ 92)1 + 1 iTOQ-m-l)...Ovu-w) 

■ ^ ““■■ „r! ^ ^ - - 1 ) • • • 

{■hit — )). + 1 ) , .( 4 ''' 

„i (m - 2h - 1) . 

( 7 ?^ — 2?1 — 1)1 

hence the result, on adding for all the integers vr. 

(ii) Verify for «», whatever be tlio integer n; take; 

4> (x) = 2.-1, 

and add. 

(iii) In § 37, it is shewn that 

D''' (S- ~ 7i) -y = rvjy^^^ V = ^]> v ; 
hence i)« (Si- _ nfy = ^_D» {(^> _ „ ) ,„j 

= 

and so on : the result follows by induction. 

Ex. 10. The particular integral of a’"/)" y = 0 is 
Ao+ AiX+ ...+An -1 a:'"-' , 

so that we have 

0 = -f AiX-jr ... + ^ 

Now J _ 1 . 

^ ^ - 1) . . . ^ - n ■+ 1 “ ’ 

hence the result. 
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Ex. 11. As the operators are commutative, 

PQR (P-i . 0) = QP . P (P-i . 0) = QP . 0 = 0, 
and so for the others; hence the solution of PQR . u = 0 is 

P“K0) + Q-'n0) + P“H0). 

When /(d) has no equal roots, so that 

/(d) = (d - tti) (d - Uo) . . . (d - a,0, 
the primitive of /(P) y == 0 is 


0 + 


1 


P — tti D— cu 


-0 + ... 4 - 


P — CL 


0 . 


When it has a repeated root (d — aiY, the corresponding part 
of the primitive is 


Each term is evaluated by the process of § 46, (v). 



CHAPTER IV. 


p. 88 § 50. Eoo. Let !T{dtY be denoted by T.,. Then 

I T (x -ty-^ dt = [(a,' - {n - ] ) l\x - dt 

= («-!) [\x - tY-^i\d.t, 

J 0 

f Tj(x-ty‘-~di = (n- 2 ) I (x-t)“-"‘'l\.df, 

JO ./ 0 

and so on, the last stage being 

(x -t)dt= r^dt = T,„ 

JO J {) 

which is the particular integral : thus 

"" (« -lyi io ^ 


p. 90 § 52. Ex. 2. (i) y—A=a cosh — /i j ; 

(ii) + = 

(iii) Eliminate t(= y'') between the wjnations 


y-G^ 

^ (l + c“t“)4 

[Eote. Integration (beyond reduction by a .single unit) of an 
equation of any order, even when it is on'ly an e.Kample, (.fton 
cannot be carried out in finite terms. But, whennnr pcssilik- 
the evaluation of integrals should be effected; it is possible in the 
case of the last example, Ex. 2, (iii), | 52,] 
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CHAPTER IV. §§ 53, 54 


53. Ex.2. (i) y = C+I)x+AJ^+l^+Bx^->^,^^\leT& y. = {X^lf- p. 91 
(ii) The primitive is constituted by the two equations 
'c4-5 = c/{J-+|-(1+ p^y} ~ - dp, 
y + C = cJp{A+^(l +p=y} " i dp. 


§ 54. Ex. 3. (i) A first integral is x (1 +_p“)4 — A+ap, so that P. 93 
p (a- — X-) = X {A^ + or— x^)^ - ciA, 
and therefore y — B =Jpdx; 

the quadrature should be completed in the form 




ti — A 


where u — {A^ + — oA)^, The expression for y —B can be 

simplified. 


(ii) With the substitution y' = p, the equation becomes 


which is homogeneous. Take y-pt; then 



II 1 

1 

iidu \ 

— cu — 1 j 

audii 

\ 

i- > 


where c = ajh ; 

{U- - CAl— — 1)2 

1 


(iii) 

X “4” B == 

j log [Ay + (1 + aU=)4j ; 


(iv) 

y-B = 

— Ax + {1+ A^) log {x + A)-, 

p. 94 


(v) The equation is transformable to 

which is homogeneous with the substitution p = xhi, and leads to 
dx adu 

and then, with the deduced value of u, 

dy = x^u dx ; 
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CHAPTEB IV. §§ 54, 55 


(Vi) 

yr=A+B sin”' x + (sin”' 

(vii) 

m ^ oA cosh X -\-B sinh x • 

(viii) 

X + A 



p. 95 § 55. Ex, 2. (i) The substitution in the text of § 55 can be 

used. 

Or, changing to polar coordinates x = '/*cos 6 and ?/ = r sin 
the equation is nr = p, which leads to 



either by the substitution in the text, or by taking x — y = % ; 

(iii) Similarly, y — x{^ — sin”"^ . 

p. 96 Ex. 2. (i) With the substitutions x — e\ y = iv-z, the primi- 
tive is 0 — B~f (Ae^ — 4 ^ — 2 )”^ dz ; 

(ii) With the substitutions x = y == the priniitiv(‘ is 

e^B=J{Ae^+2z + iyulz; 

(iii) The equation does not appear to l)(> intc^grablt^ witliiu 
the range of finite terms desired (§ 5) ; l.)ut b}^ tlie subst-itutions 
x= e^, y = ze~'-^, dzjdd = t, it can be reduced to an t}{|uation of the 
first order in t 

p. 97 Ex.S. (i) The substitution in the text may be usisl. Or, 
division by yp gives j primitive is 

y ^ -f i? =: {(c- + - ax} [(c- + .r“)^5 + . 7 ;}^^ ; 

(ii) The primitive (obtained by the substitution in the 
text) is 

£ -1- log y = - ™ (a^ -- H- log {A + b (a- •« 
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CHAPTER IV. §§ 56 / 57 '" 

56. 1. The successive conditiona'.are 

P1-2P/ + SP3'”... 

P,--3P/ + 6 P;~-... 


Pm ”* + 1) P^w+I + ^ (w 4- 1) + 2) P ““ • • * =0, 


Ex. 3. The condition of further integrability for the first inte- p. 99 
gral in Ex. 2 is not satisfied : the primitive of the original equation 
is not expressible in finite ” terms. 

Ex. 4. (i) A first integral is 

xy” + {x^ — 4) 3 /' 4 - 2xy = A : 

[a second integral is 

xy' 4- (P — 0 ) y = Ax 4- P, 

a linear equation integrable by the method of § 15 ;] 

(ii) (a) A first integral is 

x^y — xy 4" y 4* xy^ + P = A j 

( 6 ) On multiplication by x, the equation can be inte- 
grated and the integral is 

x^y" 4 - x^y' 4 - x^y = -h A. 

im. Ex. 2. (i) 

Ex. 3. A first integral is 

(x^ — y\ — ^ , = A, 

\ dx *^7 y- -H 

a homogeneous equation ; the primitive is 

Aij=f{ 

X J 

where y = ux. 

Ex. 4. Euler proves that the values 

Ai = 7 4 - 23ir 4- 60/7 Ag = — S — 
give an integrating factor ; a first integral of the equation is 

(7 + 2S^. + 6^"-)(^)‘-2(8 + 6*)2/g 


x4 (1 4“ lA) 4* o? 


l- 


duy 


p. 101 


= A — ey^ 


ay- 


i^y“ 4-74- 2Bx + ex^ ‘ 
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CHAPTER IV. % 57 - 60 , 62 


[The substitution 

= ic(y -f 2S,'r? 4- €.r-)- 

leads to the primitive of the equation; the integral cannot be 
evaluated except in terms of elliptic integrals.] 

p. 103 I 58. EaL 2. (i) A particular solution is ;// = e^, when the 

right-hand side is zero ; the primitive is 

ye~^' = A + £ j "■ div + |* f j' ds ; 

(ii) A particular solution is iP the sa,me ease; the 

primitive is 

xy -A+B{a — ia-)-' + j* {a — hs)" ^ j x"' ((/■ - bx)"- d : ; 

(iii) A particular solution, in the sa,nie case, is // = .r; the 
primitive is 

’^ = £ + A(x--) + r(l + s'^)-.. f <h\ ,b. 

X \ xj J ^ ■ (j (1 + 

p. 1C4 § 59. Ex. 2. (i) Here w = and the etjuation for u is 

— + bv = xe ^ 
dx/ 

the primitive of which is 

'y = A cos(irVi) + i^sin(a;-\/^)-4-i“'^' j 56“=^““^' sin |(,r — r) \/6! ds; 

(ii) xy = A cos ax -p jB sin ax ; 

(iii) y e~ — Ae^ -{■ B e~^ — 1 . 


§ 60. Ex. 1. The invariant I is the same for l)oth (Equations, 


being j- 


( 3 ai — 5 ) (1 -p a;) 


; and the r(da,tiou is f=c(l+,r). 


(The primitive should be obtained.) 


Ex. 2. The value of Q is 1 -P j a-- ; a-nd f{x) = A if 

iV^ 

(The transformed equation is the Bessel e(]uati()U of order ii.) 


p. 108 §62. Ex. 1. The quantities a.v+b, c.v + d are solutions of 

y" = 0, the invariant I of which is zero ; hence 

fc®+d I 

la. + i'd-'*' 
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(The result can be verified by direct substitution of the value of 
s in {s, x}, a remark which applies to all the questions in Ex. 3 
below.) 

Ex. 2. The primitive of the equation 2^Y' = ay is 
y == Ax^ + Bx‘\ 

where m and n are the roots of^(p — hence the primitive 

X- [5, + a = 0 is 

Avhere 2Z = (1 + 2a)-. (The case, when a = —I-, should be considered.) 
Ex. 3. (See remark in Ex. 1 above.) 

(i) Merely interchange the dependent and independent 
variables in {5, x] ; 

(ii) If yi and 3/2 independent integrals of the equation 
y" -f Jj/ = 0, so are ay^ + 63/2, ciji + dy.y ; so taking s = 3/1/3/0, 

(iii) Mere differentiation and use of (i) above ; 

(iv) Eepeated use of (iii). 


I 63. Ex. 2. (i) y = A cos (c sin"^ x) + B sin c (sin“^ x ) ; 

(ii) 3/ = ^ cos (sin x)-i- B sin (sin x) ; 

(iii) y — z^ {A B log z), where ,2: = yV (i^ ~ 1)^ (Srr -}- 5) ; 

(iv) y = ^ cos g)+^ sing); 

(v) y = A cos {z V2) + B sin {z \/2), where x = sinh 

§ 64. Ex. 1. The relation between ^ and v z — v{l — . 

Ex. 2. The relation between y and v is 

I 66. Ex. 2. (Most easily integrated by method of § 15.) 

Or thus: neglecting temporarily the term Ry^-, we have 
y = Now, make A variable for the whole equation; then 

ax 

so that = 

y J 


p. 110 


p. 113 


p. 117 
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p. 118 


p. 120 


p. 121 


CHAPTER IV. % 66-68 
3. (i) 2 / — A cos 7ix + B sin nx 


X . cos nx , . . 

H- ” sin nx H ^ (cos nx) : 

n 11 “ ^ ^ 


(ii) y (1 — xP') — Aq.o^x-\-B sin x + x, 

§ 67. Ex, 1. (The integral is best obtained by method of § 54. 
taking p == dyjdx as the dependent variable.) 

Neglecting temporarily the term </> (.^’), we have 

by the method suggested, the primitive is 

y-A^S[\B-¥S^{x)e^ dx]"^ e “ dx. 

The last part of the example arises through mere change of 
the variable under the usual rules. 

Ex, 2, The primitive is 

fei^(y)*Jdy = A + Bfe~l-’'^^'l'’'‘^dx. 

§ 68 . Ex, 2, (i) Take Pj = x/(l — x-) : the primitive is 

V i , ^ f "h X 

(ii) Take Pi = 3 (2x + 1)“"^ (^*- + x-^ 1)“"^ : the primitive is 


V 


{2x^iy 


16 


- — ^ = P ) — — 8.^’ + 6 V3 tair 


V3" 


e IS 


x^ X 1 

(iii) Take Pi = — 4 cot x : the primitiv 
cos X 

y -- A sin^ x — B -r~- (5 + 6 sin- x + 8 sim^ x + 16 sin*’ x). 

^ sin-^ X ^ ^ 

Ex. 3. (i) yx'^-^ (1 - = J. + P J.r')'’-- (1 - .;•)“>'+« dx ; 

(ii) y (1 — xy - A B (1 — dx ; 

(iii) yx°- ==^ A + BJ x°-~^ (1 — .^•)~■^ dx. 

(These three equations are special examples of the hyper- 
geometric equation, discussed in Chap, vi.) 

Ex. 4. Let a and ^ be the roots of 2Ax + P = 0. Take 

P =_if_+_L - 

the equation for Pj is satisfied if the three relations 
a (a + 1) + 5 (6 + 1) + 2ah == A\ 

/Sa (a + 1) + ab (6 + 1) + (a + j3) ab = — B\ 

/3-a (a + 1) + (h + 1) + 2afiab = G\ 
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are satisfied ; thus, as there are two (][uantities ct, there must he 
a single relation between A', B', O', a, yS. We have 

A'a + B'=(a- ^)aia + b + l), A'^ + B' = (B-oL)b{a + b + l), 
A'a? + 2B'a.+ G' = (a~ ^)-a(ct+ 1), 

A'^- + 2B'/3 + G' = (a- 6 (& + i), 

A'a^ + B' {a+ ^) + O' = -{oL- ^yab-, 

( id ^ gJ I \ ^ 

A''0 TB'J - 2^ -B' + O')-, 

and so, as a +.6 + ^ = (i + ii')^ 

from the first equation, we have the required relation. 


§ 69. Ex. 2. 

The resolved operators are as follows : — 

(i) ( 

' d 

X T- 

cLoc* 

-) 


’ 

(ii) . 

[(*“ 




(iii) : 



(I-')- 

(iv) : 

[(« + 

^'^Ix 

+ 2X + 1] 

{(., + 2)^ + 3„ + 2 

(V) ■{ 

{x — 

1)|- 

- (« + 1)| 


(Vi) ( 

' d 

^ dx 

-)l 

x{a— bx) 

5 + (fa -2a)}; 


the primitive of the last is 

y(a — boo) = + Ax^ + 


§ 70. Ex. Use I 59; the value of /x is 
P 2dx\p) 4P2* 

When the suggested value of v is substituted, the equation is 


^0 

dx^ 


dx’^ dx^ 


+ fi {Sq-- S i Sq.. .) = Oj 




p. 122. 


p. 123 


F. 
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CHAPTER IV. §§ 70, 74 


which is satisfied by 




-0, 


dod^ 


• y • • • j 


dPS.^ 


'^i+i 


dx 




whence the formal result. 


If fM remains finite for all values of x within a given, range froin 
0 to then there is a finite positive quantity M such that M 
for any value of x in the range. Let A' be the greatest finite 
value of Sq within the range ; then 


and so 


/S\ < ^ MA /So < ^ ilf V, . . . , 
Mx- Jf-a;-* 


manifestly converging for all values of x for which Al (tlnit is, fA) 
is finite. 


When iJL = x'^, the value of v is 

^.7i4-2 

■4. a — 7 — : — + 


+ B io) 


(n + 1) (?z + 2) ’’’ (?» + 1 )(m+ 2j(-H + 8) {n +4) 

I 




y.9l+5 


(n + 2) {)i -h 3) (n + 2) {n + 3) {oi + 4) (;?. + 5 ) * “ j 


§ 74. Ex. If the particular solutions y are not liiu'arly inde- 
pendent, there would be a relation 

«iyi + ao?/a + a^yni, = 0, 

and therefore cii -h as ^ . + a^a — = 0 ; 

Vi yi 

that is, differentiating, we should have a relation 

Then cu -1- ~ -r • • • + (^m = 0, 

that is, differentiating, we should have a relation 

a^Uj + . . . + cIquU = 0 . 

So on in succession; the last relation would give 

that is, Urn = 0 : and so, going backwards, all the coefficients a are 
zero. Consequently there is no relation among the m integrals y 
thus obtained. 
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CHAPTER IV. 

i 74, 75 

Taking y — yi^zdx, we have 


fpiy 

dy-i d^^z 
dx dx^~^ + • • • 


d^z 

dsd^ ' 


and therefore the equation for u is 


^o2/i + (A„m + Z,y,j + 


Thus A (u), the determinant for the ^-equation, is 
A(z) = Be J\ndx*x, ' ■ 



Continuing the reduction, stage by stage, we have (as the final 
determinant is Wi) 

A (x) = ... Wi, 

where 5 is a constant. Also 




Vu 

2 /=. •• 

• ? ym 

dyi 

dy. 

dym 

dx ' 

dx’ •• 

•’ dx 


d"^-^y. 



' dx'”--^ ’ " 



the value of which is to be a constant multiple of 

Substituting, and using the property of determinants that linear 
combinations of columns leave the value unaltered, the constant 
for the latter determinant is found to be unity. Hence the result, 
which was given by Fuchs, Crelle, t. Ixvi. (1866), p. 130. 


I 75. Ex, 1. With the right-hand side zero, the equation has p. 129 
a primitive Aif^ -h -^ 2/2 + J. 3 / 3 . By the process indicated in the 
text, we have 

A{f, +A'f, ^A'f, =0 >1 
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CHAPTEE IV. ^ 75, 77, 81 


J = e “ , 


Also (§ 74), 

A= //', //', fs" 

//, A'> // 

fi, U /» 

where a is a determinate constant. Thus 
and so for the Ao, A ^ ; hence the result. 

r^--2;r 

p, 130 Ex. 2. (i) y = Ax + Bxer^ - xe^ j dx ; 


(ii) 

function ; 
tegral is 


y = Ax^ + B cos X G sin x is the complementary 
also A = ~ (^r- + 2) ; and therefore the particular in- 


f cos sin {x - B 

P + 2 ^^\2 


tan~^ 


X 

V2‘ 


§ 77. Ex. Two particular solutions are y = x, y = /r-, when (J 
is neglected; and then a third particular solution, in the same 
case, is 

J x‘^ J ay^ 

To determine the primitive when Q is not neglected, use the 
result of § 75, Ex. 1. 

p. 138 § 81. Ex. 3. The family of trajectories is x^ -f ny"—A, 

Ex. 4. The differential equation of the family of confocal 
ellipses x'^/A + y^/{A — c-) = 1, where A IkS the parameter, is 

xyp^- + (x^- y- - c^) J) - xy = 0. 

Their orthogonal trajectories are given by the cM|uation 
xy -{si?-y^-(f)p- xyp^ = 0 , 
in effect the same equation ; so their equation is 
x-jB 4- y^l{B — C“) = 1 . 

Geometrical considei^ations shew that, out of this family for all 
possible values of B, the hyperbolas confocal with the original 
confocal ellipses must be selected. 

Ex. 5. (i) cos nd = ; 

(ii) A {x^ 4- y^) = a® -f — y\ 
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CHAPTER IV. § 81 

Eog, 6. [The symbol i denotes V— 1-] 
{a) We have 


du .dv] ,j., . . dll .dv 




so that 


dy 

du _ dv du dv 

dx dy ’ dy dx 

da dv du dv 


.(i). 


dx dx dy dy 


Consequently 

so that the curves u = const., ^> = const., are orthogonal. 

(b) Use the foregoing relations (i) ; the curves 

u cos a + v sin a = const., u cos ^ + v cos y8 “ const., 
cut one another at an angle a — 

(c) We have 


^ du 
dx 


but if 71 is zero, 


- du dv dv 


u = A + B\og {(x^ + y^)^, 
the corresponding value of v being B tan“^ (y/^)* 

Ex. 7. When the angle of intersection is a, the carves are 

^ ^^0tan a 


Miscellaneous Examples at end of Chapter IV. 


_ , . /sm?i« cos«a;\ „ f' 

Eic.l. (i) y=A[ + +5 

(ii) y ^ X [A cos {x sj^) + B sin {x \/2)} ; 
(hi) y = A sec- {x + B)\ 

(iv) Take y^e^\ u^'^z) 

dz 1 + z'^-\-z^ 


cos 7ix sin 11 X 


n-x-^ 


then 


so that 


dx 


= 0, 


1 + . 0 ® 

= tan {A —X V3). 

X ““ 


Solve for ^r, and effect the quadrature, 
(v) xy = A+B!e^*^^'^^^dx. 


p. 140 
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GHAPTEE IV. MISCELLANEOUS EXAMPLES 


jp. Ml 


(vi) Take x — and then, owing to the form of the 

equation, write y — The equation becomes 

{%z-z)z"^z\ 

where z' = dzjdd. Now take z' = the equation is 

We may have f=0, leading to xy = 0, a particular solution in- 
volving only one arbitrary constant. (It is not a singular solution 
of the first order; see my Theory of Differential Equations, vol. iii, 
^ 234-239, as to the tests.) For the other possibility 

an equation of the first order in which the variables can be 
separated. 

(vii) y sin nx = A cos mx -f B sin mx ; 

(viii) {y+ xf = A+ Bsfi ; 

(ix) See the solution (p. 27 of this volume) of § 54, E.x. 3, (iii); 

(x) y = A + {B-Ax)cotx; 

(xi) Write dyjdx^p; the equation becomes 

j^+pff(x)+p^ («)=0, 

which falls under the Standard form in § 15 of the text. 


Ex. 2. Substitute y= the equation is 

, 1 (d^v \ 2 / dv\ 

which is satisfied if 


are simultaneously satisfied. Obviously this is possible by 
it = ^ sin (a; -I- «), v = A cos (x -1- a). 
Primitive of the final equation is 

y — x- = A |sin (a; -f- a) -I- - cos (x -t- a)| . 

Ex. 3. Primitive is xy = (A + Bx) e”®. 



CHAPTER IV. MISCELLANEOUS EXAMPLES 39 

Ex, 4. If the equation has a solution then 

+ (li\ (Lq-^t X + &2X 4 - 60) = 0 ; 

SO that a sufficient condition is that 

o.ep^'^ 4 “ 4 “ cIq = Oj ^aX^ 4 “ ^^X 4" ^0 “ 

should have a common root, and therefore 

To solve the equation, write y = ue^^, where 

X _ 1 

cI/qI )-2 ^2^1 ”” u<2 ^2 

Ex. 5. Primitive is u sin x==^ A + B cos x. 

From the assigned conditions, J. = l,5=-*1; so that 

1 cos X , T 

ii = — ; = tan ^x, 

sin X 

Thus 11 = a/ 2 — 1 when ^* = Jtt. 

The required solution, under the conditions, for the second 
equation is if^ cosh nx = 

Ex, (). The common integral (if the necessary condition is 


satisfied) is 










[Q - Q‘ 

, dx 





Ae 

JP-P‘ 



The respective 

primitives 

are 





ye. 

]f-P' ^ 

A + 

Bi\e. 

2-V:J 

P- 

- V p ' 

-p' J 

1 dx 

ax, 






- P'] 

i dx 

ye. 

1 P-F' = 

A + 

G 

P- 

■P ) 

dx, 


while the necessary condition is 

d fQ-Q'\ (Q-Q'X , PQ'-P'Q 

Ex, 7, Using the method of § 68 as directed, take 

X — a X — 0 X — c 
a 4- a = 0, 2^87 = a — b — c, 
yS + / 3 - — b == 0 , 2 ya = b — c — a, 
ry 4“ 7“ *“ c ~ 0. T Lol B 5 e c a b* 


then 
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CHAPTEB IV. MISCELLANEOUS EXAMPLES 


p. M2 


From the first column, 

a + 4 = (a + #, ^ + i = (6 + #, 7 + i = (c + #; 
and then each equation in the second column is satisfied if 
(a + # + (6 + # + (c + # = i. 

Primitive is 

V (x — ay {x - ly (^i? - c)y = {x — df°- {x — 6)-^ {x — dx. 

Ex. 8. The necessary relations are 
7 U + n — 1 =0, m {m — 1) b^-^2mnab + n (?? — 1) a- == : 


then, if a- = 1 + 




, we have 


The primitive is 


(a — by ' 
m = |- (1 + a), 72 = -i (1 ~ a). 


For the second equation, the primitive is 


aa 


+ b\i^ 


For Ex. 1 in § 68, one (and only one) particular integral can 
thus be found : it is y ==- xjil — x ) : then use § 58. The primitive 
is as given in § 68. 

Ex. 9. Change the independent variable by the relation xX — 1, 
and then take zX = Z ; the first equation becomes 


dX 




so that the deduced solution of the second equation is 


The primitive of the particular equation is 
z = x{Be ^ + Ge ^ ). 

Ex, 10. Change the independent variable by the relation 
x(cX + aX + 5, and then take .a (cX + d)^Z] the first equa- 
tion becomes 


(fX+iy^.Zf 


aX + h\ 
cX "h d) ’ 


so that the desired solution of the second equation is 




{cX -j- d) <j> 


faX + b\ 
fiX -f d 
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For the second part, take 


y[-X + -, 


Y; 


y{ 

drY / k V 

the equation becomes JY‘'~ \h — c) ^ ' 

so that, if m and n are roots of a- — a = A; (6 — a)~^, 

F=^Z»^ + i?Z^ 

Kesubstitute, and obtain the result already given in the solution 
of the first equation in Ex. 8. 

11. Substitute a + bx = e^] the new equation is linear 
with constant coefficients. 


Ex, 12. Primitive is 

where • a^ = \ci^-h\ 

Ex. 13. Denoting the particular solution by , write y = y^-\-Y\ p. 


then 


dx 


+ 2Z,2/,F+Z,P-0. 


Use § 15. 

A particular solution of the second equation is j/ = sec x ; the 

primitive is A + 2cos2^ 

y cos X = “i V — . 

^ A — cos*’ X 

Ex. 14. Forming z\ F', and eliminating A' and B between 
the values of z\ z\ we have, with y^y^ — F{x), 

F{x) s" - F{x) + (m - 1) F' (x) 

{ yi2/3 - yayi ^ ^ 

+ m -I (m - 1 ) y,'y.' + F (a-)} ^ = 0. 

yiy^-yAji ' 

Also = y^XMl =, y^y' _ y^^ = 

where C is a determinate constant ; and yi'y^' = ^F" + \pF' + qF. 

Ex. 15. Mere differentiation, and repeated use of the original 
equation y' + Jy = 0, lead to both results. 

The primitive of the first equation is 

u = Ay-,^ + Byi-y. + Gy-,y^- + Dy./. 

for 3/d> yd 2 / 2 ) ViVii yi integrals; and similarly, the primitive of 
the second is 

u = Aoyd + -diydy 2 + Ao^yivi + A^yiyi + ^43/2^- 
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CHAPTEE IV. MISCELLANEOUS EXAMPLES 


Ex. 16. By § 65, we have 

where C is a determinate non-vanishing constant. Hence and 
y! cannot vanish together ; likewise for and y/. Take two 
successive roots of at each of them, y^y^ has the same sign. 
Between them, y .2 vanishes and changes its sign in the range; 
consequently, yi changes its sign in the range and therefore must 
have a root in the range between the two successive roots of y^. 
Similarly for 3/2 as regards the roots of y^. 

Hence the theorem. 


144 Ex. 17. (i) y = Ac,Qtd + B cosec d — d — 2 cot | d (log cos 6 ) ; 

(ii) y- + 

(iii) y - ■ where z \J a = sinh”^ {x ^/a) ; 

(iv) derivable from (iii) by taking xx — 1 ; 

xP' 

(v) = 

(vi) y = A{a-\- x)~^ + 5 (a — xY ^ ; 

(vii) ye~^ ~ A -{-B — ^x’^ -j- x — -^l^) 


Bx, 18. The relation gives '^(^j = 1 ? so that Q=(x+c)Rj 

where c is a constant, determined by given values of Q and R. 
Substituting this value of Q in the equation, we have 




dy 
^ dx 


so that ^ =A + B(e . 

x-\-c J (x + cY 

For the rest, multiplication by pu will be ineffective, because 
the given relation would deal with fiQlfiR which, being the same 
as Q/R, equally would fail to satisfy the relation. 

Bx. 1 9. The equation, which relates to the breaking of railway 
bridges, can be written in, the form 

(2cx - x-f y" + = a (2cx - 

Temporarily, take tt = 0 ; and test y = x^^Y2c-xy' as a trial solu- 
tion ; the temporarily modified equation is satisfied, if 

( 2 »i - 1 ) c = - (ci* - h)i, ( 2 n - 1 ) c = (c“ - b)K 
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Use the process of § 58 ; the primitive is 

N,: = -4 + I {-S + a/ (2c - dx], 

(2c - A*) J (2c - I J \ J ) 

Ex. 20. Take x:s = 1. Primitive is 

y = A COB (njx) 4- B sin (n/x). 

Ex. 21. First part is an exercise in differentiation. For the 
second part, all the relations are satisfied by ^ 

Ex. 22. Express the equation in its normal form (§ 60) by the p. 145 

relation 1 ^ 

v~-e- w: 
z 

the normal form is = a-w, 

dz- 

where — — A, and its primitive (Ex. 9, above) is 


10 = z{A'e^ -{■ Be ^). 
For the second part, use the relation 




dz 


-R^ 


dx 


PM = 0 


Q 

\ 

of § 64 ; the condition is satisfied if 

5 '*^ = 45'^ -44 + ^. 

The relation between y and v is 
1! J2 

= e - a;- ; 

V 

and the primitive of the second equation is 

-l-R' + a 

y = A-,e^~^~ + J.3e~^. 

Ex. 23. The primitive of the first equation is 

and the primitive of the second equation is 

Ex. 24. The primitive of cr" — + |cr=^ = 0 is obtainable, by 

§ 67, in the form 6 il° 

[{x-Bf + AY 

Thus, if y = VylVi, the equation for v is 
cZ-'W 
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A trial solution v = {so ~ B - Air{x - B + Ai)'^ is satisfactory, if 
m = = using the method of § 58, we have the r-primitive 

in the form 


{{x-B-Aif\i 

" = 1 x-b:^ I 


A' + B' 


■B 


{x^B-Aif 


The primitive of the original equation is 

6''ri+ B'v^ 

c-\+iy%’ 


which (by a modification of constants) reduces to the given form. 


For the second part, let X == A' B'x -h G'x^, Then 
y,X^Zy,X+ 32/,Z"=0, 
y,X^^y,r+ 62 /,Z" = 0, 
y,X-r$y,X'^mj,X"^0; 

elimination leads to the differential equation. The integral equa- 
tion is a primitive, because it contains five independent arbitrary 
constants. 


p. 146 fi^st part, it is sufficient to substitute 

s = ) 5 3, (ii), § 62. 

When 6 = the primitive is 

as + b . X — a 
cs + d ^ X — 13’ 

Ex. 26. The required equations are 

(i) y = Ax ; 

(ii) — c (x cosa + y sin a) = 0 ; 

(hi) {t/ + A) {{1/ + Ay- a"} 2 

- a- log [y + A - {(y 4- A)= - a.=}“] = 2a (a; + i?) ; 

(iv) y + A = a cosh {(a; + 5)/a} ; 

(v) (x-A)^+t/^ = B; 

(ri) ic + A = c cosh {(y + B)lc} ; 

(vii) y + (y- + ma^)^ = A® ^ ^ 
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Ex. 27. The equation of any parabola touching the axes is 



When the chord of contact is of constant length I, so that E + = 1-, 

the differential equation is 

{xp - yY {oi?p^ + if) = PxHfp\ 
and its primitive is 



where a is arbitrary. 


When there is no limitation upon the chord, the equation of 
the parabola is 



and the differential equation is 


0 . 


Ex, 28. The general equation of a conic is 


, aaP + 2]ixy + hy'^ + 2gx + 2fy -f r? = 0, 

so that Jix + by +f= {A 2Gx Cx^y^, 

where A =/‘^ —be, (? — fh —by, 0 = — ah. Thus 

j^dhj _ AG-G'^ 

dx^ {A + 2Gx-\- Gx^y^ 

When 0 is not zero, that is, when the conic is general, we have 

(S) + + 


and so 


da^ 1 \dx^J ! 


= 0 , 


the explicit form of which is 

- 452 / 22 / 32/4 + = 0 , 

where 2/n = df^yjdx”'. 
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CHAPTER IV. MISCELLANEOUS EXAMPLES , 


When G is zero, so that the conic is a pai-abola, we have 

the ex^plicit form of which is 

- 53/3- = 0. 


Ex. 29. (i) An equiangular spiral ; 

(ii) A central conic, having the fixed points for foci ; 

(iii) An equiangular spiral. 

Ex. 30. The equation is — nyy" = 1 + y'‘\ a first integral of 
which is 



The primitive is 

-- 4 ’ 

dy, 

_2 

which, by the substitution y "= can be integrated in finite terms 
when n is an integer. 

When ?i = - 2, the primitive is {x -Bf=4>A {y -A), a paraboia. 
When n = - 1, the primitive is 1 / = .4 cosh {(x — B)IA}, a catenary. 
When n = 1, the primitive is (x - B)- = A-- y"-, a circle. When 
n — 2, the primitive is 

X-B = iA cos- (1 - 2 -^y (Ay- , 

a cycloid. 


Ex. 31. The confocal ellipses are x^/A + y^iA — c-)== 1 ; their 
differential equation is 

+ (on^^-y"- -<f)p = 0. 

At any point of cutting, take (for the oblique trajectory) 
x = ccos<j>coshu, y = csin4>sinhu, 
where u = n (X + and X is any constant ; so that 

_ cot tanh u + n 
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Hence for the original curve we can take 
—j? = cot (j> tank u ; 

and the equation 

- 2 /- - = () 

is then identically satisfied. 


Ex. 22, (i) x- + y^^Ay; p. 147 

(ii) The differential equation of the curves is 

the orthogonal trajectory is 

(1 - y-yh dy --(I-- a;")i dx = 0, 


of which the primitive is 

y (1 - y-)2 - (1 - + sin~^y — sin“’ x = A; 

(hi) The differential equation of the orthogonal curves is 
dy _ X 2if — x'^ 
dx y 2rr — y^ ' 

a homogeneous equation : take y = iix, and evaluate by the sub- 
stitution u + ir'^ = V. 


(iv) Denoting the fixed points by A and B, and the variable 
point by P, let the angle PAB be 0, and PBA be 9' . The 


curve gives 


,dr dr . 


and for the orthogonal curves 


ds~'^'^dS’ 

where dS is the arc of the orthogonal curve ; thus we have 



that is, the orthogonal trajectories are 

e-e'=a. 

[In general, for a bipolar equation 
f{r, r') = H, 


the differential equation of the orthogonal trajectories is 

Mde-r'%de'=o, 

or dr 

with the relations r sin 6 = r' sin 6', r cos 9 + t' cos 6' = 2c.] 
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CHAPTBE IV. MISCELLANEOUS EXAMPLES 


Ex. 33. The expression of the property is 

X I ’fdAB =2y j xydx, 

J a J a 

leading to the relation 

^ + f-^V=0. 

dr^ X dx y \dx) 

The primitive (by § 67, Ex. 2) is 

A 

substituting the value of y in the original relation, we find A = al 
Hence the result. 

Ex. 34. For any curve rolling on the axis of x, 

r = y{l + f)^, 

where y is the perpendicular from the pole on the tangent, and 
t = dyjdx. Also 

i = i + 

yi ^ ^ > 

hence the equation, for the particular curve, is 

1-m 

y = a{l-\-f) . 

When n = I-, the integral equation is 

y = acosh [{x-A)la], 

a catenary. 

When n = 2, the integral equation'is 

X- A = a^J{y* dy, 

the elastica curve, the finite expression of which depends upon 
elliptic functions*. 

* Halphen, Fonctions elliptiques, vol. ii, chap. v. 



CHAPTEE Y. 


dr 

§83. Ex. 2 . (i) The equation is ^,(ir 2 /) + c=a:. a;jf = 0 ; so p. 150 

taking the solution of the preceding question with cx instead of 
X, we have 

|i - (c*y'+ ...! 

+ 5a- {l - ^ (ca)3 + (ca)» - ^ (ca)s + . . .| ; 

8.4 + ‘l4.7.8 3;4. 7. 8.11.12^-; 

+ Bx\l-^. + ~r^ , I 

4.0 4. 5. 8. 9 4.5.8.9.12.i:3^'"J ' 

Ex. 3. Let ?/ = A w-hen « = 0 ; the equation gives ^=-mA; p. 15 I 


and as 


we have 


dn+ly ^r>r-ly 

dxA-^ YI^- 


Hence the required integral. 

§ 85. Ex. 1. The equation can be written 

The values of are given by {m^ - 1 + 2n) = 0 ; and, with the 
notation of the text, 

All'll — 1 + 2'ft) +• wiAj,_o = 0. 

Thus A 2 A +1 = 0 for each value of X. 

For Ml = 0, the value of y is 

A It _ ™ .2 4 ] 

^ i 2 (2w + 1) ^ 2.4(2?i+T)T2^r43) *''”■••]• 

For wzi = 1 - 2n., the value of y is 


1 - 


i 2(3-2ra) ^L4(:3-2 ?i)(5-2«)' 


4 



30 


CHAPTES V. § 85 


p. 155 Ecc. 3. Using the result of § 83, Ex. 3, and taking m = 1, a 
particular solution is 

F= 1 - : 


+ o 


CC^ 


. ; + — 


111! 2!2! 3! 3! 

So, after the explanations in Ex. 2 (p. 154), we take 
^ = F (J[ + JS log x) + w, 

and find w = + 

[In w, the coefficient of is 


af+... 


2B 


tl)’ 

(n.!; 


0-^ I 


' + 2+3 + - + 




The equation should also be solved by the method of Frobenius, 
Chap. VI, Note i.] 

Ex. 4. 

/•X d It (a^ - 2-) (a- 4-) ) 

, J, r a^-1- , , («— U)(a=-30 . 

+ Ji-{x — + '■ 4 > / (if - , . . 

(, o ! 0 ! 

s 

= A cos {a + — sin (a sin“^f 3 ;) ; 

(ii) Change the variable from w to by the relation x- = z; 
the equation becomes 

z;{l- 2 ) y" -h (1 - 2z) y - iy = 0, 
and a particular solution is 

!'‘-' + ®'' + (o)'"’+- 


which can be expressed in the form - [""(I -Asin2 6»r7Z6' 

w j 0 ^ 

The new equation is unaltered if ^ be changed to F by the 
relation / = l-z. So another particular solution is 

^=-'®i7+(o7+- 

which can be expressed in the form - - / sin= 0)~^dd. 


TT Jo 


The primitive is y = Ayi, + By^. 

[The quantities y^ and y^, when multiplied by 4 - 7 r, are the 
quarter-periods in the Jacobian elliptic functions.] 
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CHAPTER V. §1 86, 87, 90 

§ 86. Ex, 1. The primitive is 

= A+B Jx~-^e~~^dx. 

Ex. 2. The primitive is 


yf_ 


= ri + 5, 


dx. 


p. 156 


X — 4tX‘ j x{x-- ^X^y 

§ 87. Ex. 2. The primitive is 
2/ 

+ - 3^14 * + ( 3=3 4 ) «■■“ + •••}• 

Ex. 3. The primitive is 

xye~^‘^^ = ri (1 — iqx) + B (1 ~h ^qx) 


p. 158 


§ 90. Ex. 1. The result can be obtained by actually carrying p. 162 
out the n ditferentiations of the expansion of (x^ — 1)’^ in powers 
of X — an unsuggestive method. 

The result can be established by the use of one of liagrange’s 
expansions (in books on the differential calculus, it is usually called 
Lagrange’s theorem) in connection with the equation 

2/ = « + -^z {y- - 1). 

so as to expand y in powers of . 2 ^. We take the root y given by 

2/ = 1 1 (1 - 2*^ + 

Z Z 


The theorem, just mentioned, gives 


1 1 (1 ^ 2xZ + . 2 ^“)“ 


CO 

a;+ 2 




2’*.n! 


cZ>-i 




Differentiation with respect to x leads at once to the relation 

1 00 „n fJn , 

Expand (1 ~ 2xz + in ascending powers of z, in the form 

1 + -^ ( 2 ^£;- s ^ — z^) 4 - ^ ^ {^xz “ z^)^ + . • . ; 

on selecting the coefficient of in this expansion, it is found to 
be the quantity denoted by Pn in the text. 


4—2 



CHAPTER V. § 90 

Ex. 2. The first part has been proved in the preceding example. 
For the second part, we have v Pn', so 

1 1(1 _ I = j(l - a?) 

d^izv) 


[The second part can be established also as follows. Let it 
denote (1 — 2xz -h ; then 

du _ z dll _ z — X 
dx dz u ^ 

dhi z^- dhi 1 (z - xf _ 1 - . 


so that 


" dz^ 




., 9 ^w 

= 0 . 

dz^ " 


fdu 

1 



Consequently, ^ |(1 - g} + (g) = 0 

or, using the relations ~ we have 




3- {zv) 


Ex. 3. By Rolle’s theorem^, an uneven number of roots of 
f^(^) = 0 must lie between any two consecutive real roots of a 
polynomial equation f{x) — 0 ; and an ?’-ple root of f (x) = 0 is an 
(r — l)ple root off'{x) — 0. The roots of {x^ — 1 )’^ = 0 are 1 , repeated 

n times, and — 1, repeated n times. Hence the roots of ^ “1)’^} 


are 1, repeated ?i — 1 times ; 
(it is zero) between 1 and — 1. 


1 repeated 7i—l times ; and a root 
The roots of “ 1)’^} therefore 


are 1, repeated ??. — 2 times; — 1 repeated n — 2 times; a root be- 
tween 1 and 0, and a root between — 1 and 0, the two latter being 
equal in value and opposite in sign. And so on, in succession ; 
all the n roots of are real ; each is numerically less than unity. 


Bnmside and Banton’s Theory of Equations, vol. i (7th ed.), § 71. 
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CHAPTEE V. § 90 

Ex. 4. In Ex. 2 it was proved that 

(1 - 20* + = 1 0»P„ (*); 

M. = 0 

1 


take*=l; then " -= 2 0 ™P„( 1 ), 

SO that Pm(l) = I) proving the proposition. 

Ex. 5. (i) Differentiating the relation 

(1 — 20* + = 2 Z'^Pm (^») 

m — 0 

with respect to z, we have' 

(1 —2zx + z^y^(x — z)= 2 TO 0 “~^P,„(*). 


w=0 


Multiply by 1 — and equate coefficients of on the two 

sides ; we have 

xT*n—i ““ ^ 71—2 ~ n ^2^ 1) xPn—i d” — 2) 

leading to the result ; 

(ii) Multiply the differentiated relation in (iv) below by 
x — z and equate to the differentiated expression in (i); then 
dP d/P tn—i 


Now 


dx 


dx dx 
dP, 


’ ^iTlP m • 




= (71 -p l)P,i, 


dP„ 


n - 1 

dx 


so 


A 

dx 


dPr 


d 


a-^^)^?\=n£(xP,,-P,,_,). 


dx 


Integrate *, determine the constant of integration by the property 
then, when x = l, Pm is unity. The result follows. 

(iii) This relation effectively is the same as (i). 

(iv) Differentiating the relation in (i) with respect to x, we 
have (after division by z) 


(1 — '2zx + z^) ^ 


dP^yi 


m=l dx 

From the preceding differentiation in (i), we have 

1 “■ Z^ (1 "■ 2XZ "4" Z“\ o m ID / \ 
^ ^ — i = ^27nz^Pm 

(1 — 2zx + z^y^ 
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and tliei'efore, taking the coefficients of 
dP clP 

il — 3 /C\.. 1 \ 


^Ex. D. 


dx dx 




We have 


Jo z -ipcosO Jo ^ + ip cos 0 ^^2 ^ ’ 

where p is real and i denotes (“■ 1)-. Take 

z = l — ax, p=a(l — x^)^; 

then r = ^ . 

. 0 1 _ a (a’ 1)4 cos 0} (1 - 2a^ + ’ 

hence 7rP« == f ix + (x^ — 1 )- cos dB, 


hence irP^ = ± {x^ — 1)- cos dd. 

Jo' 

The second result follows from the substitution 

{c^’ ± (x^ ~ 1)2 cos 9} {x ± (x^ — 1)^ cos (p} = 1. 

Uic. 7. We have ^ {(1 - of) P',„,} + m {m + 1) P„ = 0, 

^ [(1 — a?) P »} + n (?i + 1) P„ = 0 ; 

multiplying the first by P^, the second by P^, and subtracting, 
w^e have 

(m - n) On + n + l) \[p„Xndx = [(1 - a?){P\,P,, - P'^P^)\ ' =0, 

so that, as m and n are different positive integers, 

ri 

PmPndx = 0 . 

“1 

For the second part, square the relation 

(1 - 2zx + ^ 2 )-i = 2^:®Pn {x) ; 

integrate for x between 1 and — 1, and use the relation lust estab- 
lished. Then 


I* ^P\dx= coefficient of 


___ dx 

1 1 * ■ 2zx + 


2n + l 


after evaluation. 
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CHAPTER V. §1 94 99 

I 94. Ex. 1. Refer to § 64, Ex. 1, and take n = — ^, and then p. 169 
to §85, Ex. 4, (ii); the primitive is thereby given in terms of the 

quarter-periods. 

Ex. 2. Taking the definition of P,„ as given in § 90, the first p. 170 
result is satisfied by the value X = '|-; and taking the definition of 
as given in § 91, the second result is satisfied by the value 
A' = i (n -h l)"h 


§ 99. Ex. 1. When n is not an integer, we take the definition p. 175 
ofP,iin §96; and then Zn is expressible as an infinite series in 
descending powers of x beginning with x^K 

Ex. 2. (i) We have 

2'«n(w)n(m) f 1 ()i-fl)(n + 2) J_ ^ 

1) 2(2n + :3) "'j ’ 


and therefore 

2’^n(w)n(w) 
n(2« + l) 

"n (2n + 1) __1_ n (2« 4- 2) _1_ 

n(n) 2! n”(w) 


= _(_ n(ji) 
1 


-. + 0^ + 1)^+ + 


2)«n(n). 

““ (p-‘l>+^ ’ 

(ii), (iii) Substitute the foregoing expression in (i) for 
and compare coefficients. 

Ex. 3. {a) Integrate tlie relation in Ex. 2, (iii); we have 
nQn+l + + 1) Qn-i = (2^^ + 1) [ xQndx 


= (271 + 1) xQn — (2n + 1) I Qndx 

00 

= (2?l + 1) xQn — (Qn+l “ Qti-i)? 

by Ex. 2, (ii); hence 

('/z 4-1) — (2n + l)xQn‘^ Q71-1 ” 



56 


p. 176 


CHAPTER V. S 99 


(b) The only remaining property, after the results of Ex. 2, 
is the expression for (x- - 1) . We have, from the differential 

equation satisfied by Qn, 

(afl-l)^=ni7i + l)\“'Qndx 


n (71 + 1 ) 


(Q?i+i Q71-1) 


2n+l 

by Ex. 2, (ii); and therefore, by the preceding result, 


- 1 ) = n (ooQn - Qn-i)- 


7 


Kt\ 4. It is better to take ^ < 1, y > 1, so that of course w < y. 
Then 


w = - 


1 X X“ 


y-x y y^ f 

= Vo + ViPM) + + •••. 


when each power of x is expressed in terms of the Legendre 
functions; and the coefficients 1 / 0 , j/i, j/ 2 , ... are aggregates of 
negative powers of y. Now 




2 — 2^’y 9 f/T o\ 


and therefore, when the expansion for u is substituted, and co- 
efficients of Pn(p^ are compared, we have 


A f 

dy\ 


- ^ 


(1 - y') 


dy 


+ n {n + 1) ijn = 0. 


Thus is a solution of the Legendre equation ; it contains only 
negative powers of y ; and therefore it can only be a multiple of 
say 

l-f n — ^7% Qn (y). 

Now take the coefficient of in the two forms of w. In 

the second form, it cannot arise out of terms after Qn(y) Pn(^), 
because they do not contain • and it cannot arise out of 

earlier terms, because they do not contain In AnQn(y) 
the coefficient is 

. _ 2??d 2^.?il n\ 

(2n + 1) !' 
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hence = 2n + ] , 

and therefore = 2 (292 + 1) P* («) (y). 

y ^ n-<d 

§ 103. Ex. 1. From the results established in § 103, 

dtf Yi Y hij j 

2 

= - { 71 Jn - (9^ + 2) j ;^+2 + (n + 4) J ;^+4 ~ • • • }• 

X 

Ex. 2. Verify at once by picking out the coefEcient of from 
the product of 


^ X 
1+2^ + 


fx^ P 

/ 

I 2 J 2l 

n 


and 


!■ -j- 


l) 2T 


3! 


Also Jn is the coefficient of (— in the same expansion. 

The relations in § 103 give 

(a), 2 ^ - J„«; (c), Jn= + ^n-i- 

Differentiate the relation 




J Q-\- Jl{z j + t /2 ( ^ ] + . . . 


with respect to x, so that 






dx ' ' dx 

substitute in the left-hand side, and equate coefficients of z\ which 
gives (a) above, and of which gives (6) above. 

Next, differentiate the relation with respect to and proceed 
similarly to compare coefficients of z '^'~'^ ; we find 


j {Jn—\ d" n) 


which is (c) above. 

7 


Ex. 3. In the expansion of e 




in the preceding example 


let , 2 r = where i denotes V— 1 : then ™ ?= 2^’ sin 0, and so 

z 

cos {x sin (9) = Jo + 2Ja cos 26 -h 2 J ‘4 cos 49 + . . . , 
sin {x sin 9) = 2/i sin 9 + 2Ja sin 39 + . . . . 


p. 180 


p. 181 



p. 184 


p. 186 
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CHAPTER V. §§ 103, 105, 106 

cos (cG sin 6) cos 2n9d9 = 

cos (a* sin 9) cos (2?i + 1) = 0, 

I sin (a* sin cos 2n9d9 = 0, 

I sin (iv sin sin (2?i + 1) = 7rJ^n+i ; 

. 0 

and so, whether m be even or odd, 

cos (7n9 — OG sin 9) d9 = . 


Jo 


We also have at once, on waiting 9 — hTr + cj), 

cos (:v cos = Jo — ^Jo cos 2(p 2 cos 4icf) ■ 


and therefore 


1 

e/o = — COS (^’ cos cfy) d<j>. 
TT / 0 


Hence 


.3C ^03 

(6^’) dx - \ COS (6^ cos 0) dxd(p 

, 0 TV j 0 J 0 


=-f% 

ITT ; « 


ad<l) 


TrjQ a^ + b^QOS^(f> 

= (a= + 

§ 105. 1. See Hankel, Math, Ann., t. i (1869), pp. 469-472. 

Ex. 2. See Lornmel, Studien uher die BesseVschen Fimctionen, 
16, 17 ; Forsyth, Theory of Differential Equations, v6l. iv, pp. 830 
“1. See also a later part of the Treatise, containing the examples 
solved in this volume ; pp. 258-6. 

§ 106. Ex. We have (as in § 106) 

ir-r dJj)i j- dUiji A 

The constant A may be determined from the lowest power of x, 
which in In is ^nd in Yn, from the expression on p. 1 84, is 

Substituting and comparing the coefficients of t, we have J.=— 1: 
thus ^ dYn dJ,^ 1 

X ’ 


the required relation. 


T d Yfi « dt/^ 
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§ 107. Ex. The analysis shews that, if the assumption of p. 187 
proceeding to the limit be justified or justifiable, the quantity in 
the text satisfies Bessel’s equation of order m and therefore has 
the form 

But the expression does not contain a logarithm, while part of the 
expression for is J^^log^*; hence we must have B=0. We 
infer the result, which analytically is not important except as in- 
dicating a limiting relation between Legendre functions and Bessel 
functions. 


§ 109. Ex. The equation can be written 
dll 


p. 191 


dz 


+ hu^ = 


where x^dx — dz ; the result follows from the theorem in the text. 

§ 110. Ex. 2. (i) A particular solution is y = ; the primitive p. 194 

X — x^ 

IS 

(ii) With the notation of the text, E=2x, Q = — a'- — 1, 

i? = 1 ; so the substitution is y = — - ^ , and the equation for u is 

u ax 

clhi dll d . ^ ^ 

the primitive of this equation is ue^—A + B Je^dx, where 

I = ^ + -1^’" ; 

(hi) A particular solution is y — proceed as in the 

X 

. 1 . . 11 
text, by substituting y = a; + - + - ; 

X V 

(iv) A particular solution is y=sina’; proceed as in the 
text, by substituting y == i -f sin x. 

§ 112. Ex. 1. Take m = 2, and n in place of iv, the primi- p. 199’ 
tive (after the result in the text) is 

which can be identified with the given result. 
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Ex. 2. Take qx — z^\ the equation becomes 

dry ^ i dv 
dx- X dx 


■ rdv = 0. 


Next, take v = yx‘^\ the equation for y is 

all the relations follow from the general results in the text. 


[The memoir by Glaisher, containing these and other results, 
should be consulted, especially §§ 28, 29 ; the reference is giveni 
p. 197 of the text.] 


200 


Ex.Z. Substitute w = ; then 


d^y 2 , ^ . 

;^+-(p + l) 


dy 


The result follows from the general forraulm in § 112. 


Mlscellaneou.s Examples at the end of Chapter V. 

Ex. 1. (i) Change the variable from x to z bjr the relation 
= w : the equation becomes 

d-y 2 dy ^ 

dz^~zdi~^^'y^^’ 

the integral of which (§ 85, Ex. 1) is 


y=An 


f (3c^)= {2czY 


(Sca)” 


_ M ^ ^ V / 

1.2 i . 2'. 4 1 . 2 . 3 . 4 . 6 


+ 


* cr ' c\ A M 


2.5 "^ 2 . 4 . 5. 7 ■'' 2 . 4 . 6 . 5 . 7. 9 
= A' (I- Scz) + E (I + Scz) e~2“. 

(ii) Change the variable from ^ to a by the relation 
and use the same integral as in the last example ; the equation 


. + ...j 

(3czy 


:+ ... 


becomes 


dry 4} dy 


and the primitive is 

y = J. (1 - OCA + ^c^z-) e^ + B(l + 5cz + 5/-cV) 
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(iii) The equation should be 

doa^ X dx V ^ x^J 
the primitive of which is, by 1 112, 

Of the equation as given, the primitive is 

x^y — A (nx J— 1) + (nx s/ — 1), 

where J— 1. 

Ex. 2. (i) y=x[AJ.i{\x^) + BY^{lx'^)]-, 

(ii) The series x<^ 2 satisfies the equation if 

•}n =0 

(/^ 4- — 1) b) (/X 4- m + 6) 4 m 4- = 0, 

and (/X, — 1) (yC6 — 5) (/X 4 6) = 0. 

The value /x = — 6 gives a polynomial ending in x -- ; the value 
//, = 1 gives a polynomial ending in x -^ ; and the value = 5 gives 
the series 

72 72 , 

'*^''■^^“ 1 . 5 . 12 '^'^ 1 .2.5.6.12.13" 

7^8^ 9= 

“ 1. 2. 3. 5. 6. 7. 12. 13. 14 

. \ ah , , a (a - 3) i)(6 — 3) 

(m) y = J.|H-^,«^+ gl 


f (ci — 1)(Z) — 1) 
+ B^x + ^ 


J. (« — 1) (« — — i)(^-4) ^ , 

(a-2)(a-5 )(l>-2)(i-5) ^ 

(iv) {1 - 7 (XXX 1 '^ 

^ . (a 4 0 4 1) (c 4 1) 

(a4c4l)(<^4 c4 2 ) (c 4 1) (c 4 2) ^ y 2 
2! (6 4 04 1) (6 4 0 4 2^ 
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Ex. 3. The series-primitive is 

+ BxP |l +px+p(p+S) ^^+p(p + 4)(p -p .5) _ 

For the second part, change the variable by the relation 
^-=1 — the equation becomes 

The primitive of this is 

u = C (I - z)P+ D(l + sy>. 

To compare the primitives, let x be small ; then, approximately, 
^ = 1 - 2 j;^ ; the coefficients of afi and give respectively 

2PD = A, 2pO = B. 


2i 


Bx. 4. Take y cos w j then x — ^ cos 3i(. N o\v 
dry 

^’ + 2/=0; 

so changing the variable to x, we have 

(- 1 sin- S«) - J 2f VS cos Sm + y = 0, 


that 


. IS 


(^*+*)g4.j4-Aj,.o. 

Ex. 5, The jorimitive of the final equation 

r = .d { 1 + 1, r + f (p+ i) t . , 1 

I Ji 4! ^ 01 v 

+ £ {f + p + f£±0 p+...} . 


Sr. 6. Take w' = 


qx, y — qxy ; the equation becomes 




The primitive of this is 

/ = (1 - |.V) + 5' (1 + i®') e-*', 

leading to the result. 
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Eai. 7. The primitive of -^-q^z — Q is 

s = + sin //3«+ (7); 


leading to the result. 


Ex. 8. As in the solution of the second part of Ex. 2, § 90, 
prove that = (1 — 2ax + satisfies the equation 


(l_^.)"+iM+(l_^)-4 3 A. 


.271+1 ^ ^ _ 


Then substitute ti= where is independent of a; the 

result follows. 

V Ex. 9. Write Z7= [Pn (cos 6)^ - P,r (x): We have 


and therefore 

■* [(1 - i - *■) S + "'* <” + '■>i ^ 


= — 4 (1 — tV-)Pn' 11 {n + 1) Pn 

= -2«(«+l)(l-^=)^. 


Hence 

d r. 


Take x = cos 6 ; the last equation becomes 

iw ^ = ^■ 

^Ex. 10. By Ex. 5, (iii), § 90, we have 

(2'?l + 1) XP (TI + 1) P QlJ^lUPql^l ] 

and by Ex. 3, {a), § 99 (see the proof, ante, p. 55), we have 

(2^^ +1) XQqi = + 1) Q 71+1 

Hence (lX -!■ 1) (^P n^n — i “ — 1 } 

= PiQo-QxPo. 



64 


CHAPTER V. MISCELLANEOUS EXAMPLES 


on repetition. Now, by § 99, 

Q, = ico - 1, Qo = i' log ; 

hence -?o = 1 > 

and so (?2 + 1) {Pn+iQn Qn+iPn) = 1* 

202 y Ex. 11. Differentiate the equation 

/-l ox dll / , T N 

m times, and write y = (Ehijdx^^: we have 

(1 - ^ - 2 (m + 1) a; ^ + (n + m + 1) (« - «(,) = 0, 


SO that 


d^Pn .^ d-^Qn 
dx'^^ 


This is the primitive if m^n\ but, if m > the first term 
vanishes. 


When m > n, Ave use the result of Ex. 2, (i), § 99. From the 
foregoing, a particular solution of 

O-‘^)S-2(« + 2)^g-2(n + l)2/ = 0, 


^?i+l Q 

being any constant multiple of is {a? - 1 )-^-\ By § 65, the 

primitive of the last equation is 

y = A {afi - - 1 )= dx. 

^ ow differentiate the last equation the remaining m — ^ — i times, 
and we obtain the required equation; and therefore, when m>n, 
its primitive is 




dal" 




Ex. 12. In the analysis at the beginning of § 107, take m = \k] 
the result follows. 


Ex. 13. Let y = (1 - (xPf^z; the equation in ^ is the equation 
given in Ex. 11. Hence the primitive. 

The primitive can also be expressed symbolically in the form 
y == Aff . . . P^dx^ +BJJ... Q^dx^, 
the first part of which can be evaluated at once. 
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Ex, 14. First change the independent variable by the relation 
X = ; then the dependent variable by the relation = u ; the 

equation for u is 


d^u- 1 d,u 

dz^ z dz'^ ^ 




[u = 0. 


Hence the result. 


Ex. 15. (This result is somewhat important, as the equation 
contains no fewer than four disposable constants.) 

First change the independent variable by the relation c^x'‘^^=m.z] 
then the dependent variable by the relation = yx^ ~ ; and 

use the given value for /x. The equation becomes 


d-u 

dz^ 


4- 


1 dll 
z dz 


+ 



u = 0. 


Hence the result. 


Ex. 16, From § 103, (iii), we have 

[oc'^ J ^Yh (^’)} ~ X^^J (^), 

so that I (fi)} = (ti), 

Am, ill 

and therefore ^ (^^)- 

Further, from § 103, (iii), we have 

n (®)} ~ ^ (*’)j 

SO that ^ {t - (» + 1) (t ^) ; 

thus g, 

Consequently (- 4t)» (t^)} = {t^). 

Now let t ^ 4}CxXj where a^ — 1, so that a has m values ; the 
equation becomes 
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Hence the primitive of the equation «“■ = 2/ is 

, m-1 T . 

y = a;i® 2 iApJ,r.[2{-a.^xy} + B^Y„,[2{-oi^xf]l 

p = 0 

the summation being over the m different values of a. 

Similarly for the second part. 

p. 203 ^ Eo). 1 7. (i) Change the variable by the relation ir = e^. 

(ii'i Change the variables, first by the relation xz^l, then 
by yz = u ; the result follows. 

Ex, 18. The relation 

is established in § 106. But (| 103) 

dJ n ^ T ^ T 


and (when n is not an integer) 
dJ. 1 


J—n J 5 


and therefore J-.nJn--i + Ji-nJn ~ ~ sin nir, 

irx 

For the second part, use the result of the example in § 106 
{ante, p. 58), viz. 

T _ v dJ^Qi _ 1 
dx 

togetherwith Jlj ,- = 

verifying the latter from the expression in § 105. The result is 

5 nJn->ri J n+i = ~ j 
X 

and not as stated in the text. 

Ex. 19. Take u = e~l^^^y, the equation for y is 

which (§ 111) is integrable in finite terms if m is an integer. 

Ex. 20. Take u = apy, and choose f so that ^ (ji — 1) + ?-^ = c. 

The equation for y is 

y" + ~' ^ 7 ~ 'if = 
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The equation xxj-l - is integrable (| 108) in finite 

terms, if (n ± 2(x)/2n is a positive integer. By taking (§ 110) 

__y \ dy 
X y dx' 


the two equations for y agree if (among other relations) + 2 = n, 
^2 — _ 1)2 q- 40^. Substituting these values in the condition, we 
have the result. 


Ex, 21. 
equation 


The quantity X — satisfies the differential p. 204 


¥ 3^X 

dotp- x^ dhr 


o?X, 


CO 

In this equation, substitute X = % u^hP, and equate the coefficients 

p = 0 

of on the two sides. The result follows. 


Ex. 22. The theorem is true when ^ = 0. Assiiining it true 
for an integer value- of we can prove it true for the next greater 
value of p : so it will be true generally. Take, for any value, 


-l2_ = ( -L_ Ay A_ ; 


then 


so that 


f ^ / yp 


)• 


dx 


■ (mp + m - 1) 2/„. 


Then, substituting for 1 /,,+,, the value of 




n) - ip 


+ 1) m 




dxP^~^ 


is found to vanish, in consequence of the equation 

„ . /-m,, ^ A!:!^ = o 

and of its first derivative. 

For the example, take m = 2, p = 2 ; the primitive is 
fl d Y sin {kx 4- a) 


y 


\xdx) 


= A{(3 — k^af) sin {kx + a) - ^kx cos {kx + a)}. 


5—2 
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[lYoffi. The immediately succeeding examples belong to the 
type of symbolical solution of ordinary linear differential equations 

a process that was much developed by Boole (and by Carmichael 

ill his Calculus of 02:>erations), Boole’s results are contained in 
chap, xvii of his Differential Equations, and in chap, xxx of the 
S iipplemen tary V o lume. 

The whole of this method belongs to a very formal stage of the 
solution of differential equations. It is less used than it was in 
Boole’s time ; for it imposes limitations upon the constants that 
occur in the equations, and these limitations are often not satisfied. 
In the latter event, the integration of the equations is obtained by 
means of infinite series that cannot be expressed in '^finite terms.”] 


Ew, 23, (i). In the equation (1 


-jf — ax 
^ dx^ 

dx 

change the variable to t by the relation -E 


d^y dy 

— ±L — n m — !:! Qy ~ Q 

(1 — ; the 


d“'i/ 

equation then is ^ — 0 ^ = 0, and is integrable in finite terms 


whatever c may be. 

Now differentiate -the equation (1 — — 


and write ~ ^ have 


dx^ 




(1 — ax^) 


doc^ 


(b + 2a) io^-(c + b)y, = 0. 


If the former is integrable in finite terms when b/a is an odd 
integer, so is the latter, for (6 + 2a)/a then also is odd. It has ■ 
just been proved to be so integrable when bja=l; hence the 
result. 

... d 

(ii) and (iii). When 0 denotes x-^, and when a and 

denote the roots of the quadratic 

ap (p — 1) -4- 6/> + c == 0, 


•4~ 


il 


being. 

the equation can be expressed in the form 

* There is a mispriBt, as regards the sign of ic/a, in the text. 
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Then, taking == the equation can he expressed in the sym- 
bolical form 

0{0~-l) = e‘^ia{d-a)(9--l3)y 

= a ((9-~ 2 ~ a) (6>- 2 -/3) 

By the application of Boole’s propositions in the volumes quoted 
in the preceding Note, the results are established. 

Of course, the use of the symbolical calculus is not the only 
way of establishing the results. Thus if 

y = 

is to satisfy the equation, the form 

gives 27)1 (»i - 1 ) = at (_p -a){‘p- /3) 

from which it follows that there is a finite integral both when 
the initial term is Jo End when it is AiX, as it can be, provided 
ct or is an even integer. This result ensures the solution of (hi). 

Again, by taking an integral beginning with or x^ and 
proceeding in descending powers of m, we can obtain an integral 
in finite terms when a ^ /3 is an even integer — a case not included 
in (ii). 

Ex, 24. See Pfaff, Bisquisitiones Analyticae, and Boole (Diff, 

Eqiis,, cit. sup., chap, xvii, § 7), where the result is established. 

Ex. 25. The first expression is obtainable by substituting p. 205 

( Jq "t” JoiT" -p -d[4ir'^ 4" . . .) 

and determining the ratios of the coefficients AqiA.^.A^: ... so 
that the equation is satisfied. 

For the second and the third, take 

u = ye^, 

where /4‘^,== a- ; the equation for y is 

h-tiPAXl,, 

dai- ^ dec a? 

Substitute x~^ {Oq 4- GiX + GqX^ + ...), 

and determine the ratios of the coefficients GqI Gii G^: ... as in 
the preceding case ; the results follow as stated. 
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When p is not an integer, the three series (after substitution 
for and in the second and the third expressions) have the 
same coefficients for powers of and ; hence (§§ 83, 84) the 
three series are equal. 

When p is not an integer, take o' = - (jt) + 1) ; the differential 
equation is unaltered ; and so any one of the three expressions, with 
— (p + 1) substituted for p, is a second and independent particular 
solution. 

Ex. 26. The first two forms, due to Boole (l.c.), follow from 
the propositions just quoted in Ex. 24. 

The form due to Donkin is only another mode of writing the 
result on p. 199 of the text as 



But the formal calculus of operations is very elaborate for the 
solution of special linear equations. 

Of course, there are other ways of solving these equations. 
When y is given by 

it satisfies the equation 

iffy" -f 2??ij.y + m (m — 1) y = 

For equations of the form considered, it is convenient to take 
either = jf (which is the substitution in the text) or ^ = x’-K 
W ith the latter, the equation for y is 

^ ^ ™ (to - 1) = a?y. 

Operate with which, except for a numerical factor that can 

be absorbed in A' and B', is (^a? - -^yrite 

T=^ 

.dz^’ 

and choose a relation so that the term in in the derived 

equation for y shall vanish. ^ 
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The relation is 

4? (? - 1 ) (^ - 2) + (6 - 4 m) q{q-l) + m{m-l)q = 0, 
which, on ignoration of the root g = 0, gives 

(m- 2 g + l)(m-22 + 2) = 0; 

and the equation for T is 
fJ-T 

4^= ^ + (12<? - 4m + 6) ~ 

+ {^-q (? ~ 1) + ? (12 — 8m) + m {m — 1)} 2T— a^T = 0. 
Next, as regards the given equation 

take y = ux ^ ; the equation for « is 
.d-u du ^ . ,, 

d.»? =p(p + l)u. 

Changing the independent variable from x to ^ as before by the 
relation ^ = a'--, we have the equation for u in the form 

+ (6 - 4X) + {X (X - 1) - p (p + 1)} zw - a^u = 0. 

The equation for u is the same as that for T if 
12f/ - 4m + 6 = 6 - 4X, 
that is, X = m — Sq, and if 

12q(q — 1) + g (12 — 8?n) + m(m — 1) = X(X — 1) -p (p + i). 

There are two values of m in terms of q. For the first 
m = 2g - 1 ; then X = -q-l^ and q, a positive integer, =p. For 

the second m = 2^ — 2 ; then \ = — g - 2, and q=p+l. When 

these results are combined with the transformations, the first 
solution of the equation is 

y = .r-p-i (^e«» + £e-«®)} ; 

and the second solution is 

y = ^,*3 {x-^ (Ae“^ + ^e-®*)}. 

-Sa’. 27. For the first equation, let the equation for 

c (7y 

* di® 3;: ~ - ^) M = 0. 


U IS 
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p. 206 


The quantity satisfies the equation 

xw" + {n -{cl- ^)x]w' =^0] 

when this is differentiated 1 times, it leads to the foreo’oincr 

equation wdth ; so a particular solution of the original 

equation is ^m-i 

= 


That original equation is unaltered if m and n, and a and /9, are 
simultaneously interchanged ; hence another particular solution is 


^n—i 

y = Q-§X 


Hence the primitive. 

For the second equation, let y = ; the equation for u is 

■u" + xii! -h (m + 1) = 0. 

Taking the equation ii/' + xw' — the foregoing equation 

, ... 

gives u = ; the primitive of the equation in w is 


XU 






dx, 


foi e - is a particular solution. Hence the primitive. 

Ex. 2b). The differential equation of the given family is 
f dE >)i dfM 91 1. dv 

de^'~~V^ de'^ 

and therefore the differential equation of the orthogonal trajectory is 
J: dfi _ do 


^ dll dO 


= -(?(. + l)ry 

dr dll 

Thus, as /X = COS 6, the equation is 

By means of the properties in Ex. 5, §90, this can be expressed 

in the form 


1 ( dPn^ yJPn^-. 

' -Bji+i-Pji-i V dfjL dll 

by (iv) in that example; hence the result. 
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Ex. 29. The first part is mere substitution and differentiation. 
For the second part, let a and /3 be the roots of 

Et "h (7 = 0. 

The primitive of the equation is 

3 

2 / = 2 Ky (x — {x — 
r = l 

where mi, nh are the roots of 

— S7n^ + 2m = ^ (a — /3)^ 

and = 2 — m,. ; the quantities Ki, are arbitrary constants. 


Ex. 30. (The solution of the equation, in the given form, 
requires a knowledge of the properties of elliptic integrals.) Let 
^2 = the equation becomes 


ju lL. 
dl^2^' 


1 


After § 110, substitute 


the equation for %i is 




1 du 
10 ’ 


d'^u 1 dll 1 _ 


that is, if f -1- 1' = 1, 

The primitive of this equation will hereafter {§ 144, Ex. 3, (i)} be 
proved to be 

21=^ AE+B 

or, in the notation used by Glaisher*', 

u=^AE + BJ'. 


Moreover, it is proved {l.c.) that 


dE 




dJ' 


hence the result. 





Quart. Jouni. Math,, vol. xx, p. 318. 
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p. 208 § 113. Ex. 1. We have 

d^E{a, /3, % x) 
clx^^ 


«(c^+l)...(a4-n-“l)ig(/9+l)...( /3+n— 1) 

7 ( 7 + 1 ). ..(7+71—1) 


i^(a+??, /3+7?, 7+71,^). 


The series diverges for = 1 if 7 < a + /3 ; so, in that case, 

7 + 77 ^ (a + 77) + (yS + 77), 

and therefore every derivative diverges for .^’=1. Even if the 
condition for the original series is not satisfied, from and after 
some value of n the condition 7 + 7i < (a + 7?.) + (/3 + 11) will be 
satisfied; and then all the corresponding derivatives diverge for 
.^’ = l.. 


E£c.± (i) sin !5=!5i?’^a, /?, a->oo, . 00 : 

(ii) smnt=namt.F{^-\n, I + \n, f , sin=i); 

(iii) cos?ii=(l + tan2i)-i’'^'(-|n, | -tan^i), 

p. 224 § 125. Ex. 1. We have 


i5 = sini + |.|sin*i+^.gsin®i + ..., 
sothat ^,r = l + 2.-+l+.l + ... 

= i. I) 

= n(i)n(-^) 

= 2{n(i)r 

Hence H (i) = J 


Ex. 2. We have 

n (— z) = Lim 


1.2.3... ifc 


(l-z){2-z)...(k-z) 

1.2.3...^’ 


k- 


n (^ — 1 ) = Lim „ ~ ~ " • • • '“ 7 „ 2 !-i 

^ -h z) (2 + z) (^k — 1 + z') 
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and therefore 

n(-^)n( 2 - 1 )= Lim 

z ( 1 



= TT cosec -S'TT. 


W-iy 


Ex. 3. (i) (a, 7 ) (- a, /3, 7 - a) 

n(7-i)n (7-«-yg-i) n( 7 -« -i)n(7-,g-i) 

“ n (7 - a - 1 ) ri (7 - /S - 1 ) ■ n ( 7 - 1 ) n (7 - a - (8 — 1 ) 

= 1 ; 

(ii) Interchange a and /3 in the foregoing example : or use 
again the formula at the end of § 125. 


Ex. 4. Take the case n = 2 ; we then should have to prove 

2^^ + ^ n (2) n (2 - 4) = ( 27 r) n (22). 

1.2.3 ...Jb 


Now , n ( 2 ) - Lmi ^ ^ 2 ) . ::(! + k) 

T,/ ,x T- 2.4.6...2A; 

n (2 - - Lm - 2 ^- ^ 2 ^ + 3) . . . (2z 4 - - 1) 




SO 


1 9 Q 9h 

^ ™ (22 + 1) ( 22 T 2 ) :::(i2”+T/^ 

n( 22 ) 


plied by 


+ l )(^+2 )---( ^ + fe) iti- 
- ” 2) (22 + 4) . . . (22 + U) ’ 


1.3. 5. ..(24-1) 4 

1.2.3.T.1: 


that is, it 


i A^ - 1 2.3 /t; 

2 ^^ 1 

_r__ 922 


Hence the foregoing special result. 

The general result can be obtained in a similar way. See 
Gauss, Qes. Werke, t. iii, pp. 149, 150. 


§ 127. Ex, 1. The relation in § 126 between Y^, Fo, F, will be p. 227 
denoted by (a). The relations in § 127 between Fi, F,, F 4 ; 

Fi, Fs, F,; Fi, Fj, F; will be denoted by (E), (j), (§) re- 
spectively. 
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(i) Eliminate Fg between (a) and (/3) ; taken as a relation 
between t/i, j/s, 3/7, it is valid in a range 0 < ^ < 1 ; 

(ii) Eliminate Fg between (a) and (y); taken as a relation 
between 3/1, 3/5, 3/9, it is valid in a range 0 < /r < 1 ; 

(iii) Eliminate Fg between (a) and (S); it is not valid for 
purely real values of w (see the note in the text, p. 220); 

(iv) Eliminate Fo between (j 8 ) and (7); taken as a relation 

between 3/1, 3/7, 3/9, it is valid in a range 0 < < 1 ; 

(v) Eliminate Fo between (j 8 ) and (S) ; it is not valid for 
purely real values of ^ (again see the note quoted above); 

(vi) Eliminate Fg between (7) and (S); taken as a relation 
between 3/17, z/jo, 3/9, it is valid in a range — 00 < < — 1. 

p. 228 Mv. 2. Eliminate Fj between the relations denoted by (a) and 
(/ 3 ) in the preceding example. • 

Esc. 3. There are twenty relations in all, between the groups 
given by selecting threes out of F^, , F^. Four are given in the 

text; seven are given in the preceding two examples; so nine 
remain. They are as follows : — 

(i) }\--A(^iy-yY, + BY,, 

where 

4 + ^_n(-/3)n(aHh/3--7) 

n(a~l)n(l-7) ’ ^ ’ 

(ii) F,= --J['(-l)-yFg + £'Fo, 

where 

^,_ n(-g)n(a + ^-7) n(a-l-/3~-7) 

ri(^- 1 ) 11 ( 1 - 7 ) ^ ^ 

(iii) F, = ~^"(-l)-Fg + _g"F„ 
where 

^„_ n(g-7)IT(7-a -<3) J^„_n(«-7)n(7-a-;e) 

ii(i-7)n(7-ys-i)’ ■ n (- «) n(«-^) “ > 

(iv) U = - A"' (- 1)/' U + B"' Y„, 

where 

A'"= n[(/3-7 )n( 7- a-ff ) ^ n(/3-7)n(7 - a - /S) 

n(i- 7 )n( 7 -a-i)’ n (-^) n(/ 9 -a)' ’ 

(V) -(- l)y r, = OF, + DF«, 

where 

n- gu-7)n(^-g-l ) n_n(l-7)n(a-y3-l) 

n(-a)ri(^-7) ■ 11 (-^)n(a- 7 ) 
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(vi) 7,^L{-lYY,-M{-l)y-^Y„ 

n( 7 -a-; 8 )n(a+;S- 7 -l)n(a-^) 

where L~ n (-yS) H ( 7 - 1 ) H (a + ^ - y)"' ’ 

,,^n(a + /3-7-l)n(a-^). 
n(a- 7 )n(a-l) ’ 

(vii) F« = X'(-1)^F3-M'(-1)7-F„ 

n( 7 -«-; 8 )n(a + ;S-7-l)n(/3-«) 

where L- n n (7 - a - 1) II (a + ^ - 7 ) 

n (a + ^ - 7 - 1) (^ - a) _ 

■”lT(^'- 7 )n(/:i-l) ’ 

(viii) F = p (- 1 )-“ F + <2 (- 1)-^ Fe, 

where 

n(a + P- 7 )n(/ 3 -a-l) ^ _ 11 (a + /3 - 7 ) TI (a -;3 - 1 ). 

" II (& -“ 7 ) n (/3 ly ’ “ n (a - 7 ) n (a - 1 ) ’ 

(ix) F = (- l)-v+3 F + p (- 1)-^+“ Fs, 

where 

„ n( 7 -«-/g)n(y 3 -«-i) n( 7 -«-/ 3 )n(«-/ 9 -i) 

il(-a)ll( 7 -a-l) ’ • 

Reference should be made to Goursat’s memoir, quoted in 


1 128. Ex. For the first part, we have (p. 229 of the text, p. 230 
dy d^j 

I 128) an expression for quantity, sub- 

stitute from the relation 


2/i = Mojj, + Nojj, 

in § 127 ; the result follows. 

For the second part, we use the expression for 
(l.c.). In this quantity, substitute from the relation 
Y,:=M,Y, + N,Y, 

in § 127, as a relation between yi, y^, yio, viz. 

y3 = ikr3y,-hi\^3(-l)“^yao, 

so as to eliminate y^ ; the result should be 

dyi ^2/iol 




equal to the expression as given. 
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p. 238 § 133. Eoc. 1. In case II, we have 

The equations are satisfied (§ 116) by 

7 = 1. « = )S = i, 

leading to the equation stated, which therefore can be solved in 
finite form. 

p. 239 Ex. 2. In case III, we have 

V = i ZZ- = -t i;2 = 4 . 

A— y,/A— yj 

these equations are satisfied by 

a = -J-, /9 = g-, 7 = 

leading to the equation stated, which therefore can be solved in 
finite form. 


Miscellaneous Examples at end of Chapter VI. 

p. 240 Ex. 1. It may be assumed that a and h are unequal; so, to 
secure convergence, we take a>h. 

Now {a? + 5“ — 2a6 cos |^1 — - ("l — - 

S f \ d / 

expand the two factors on the right-hand side, noting that the 

coefficients of and in the two expansions are the same ; 

multiply out, and collect the complete coefficient of ' 

, , r j (u 4- ?’-!)! ( b- 

and then .4, = — —F{^n,n+r,r+l,- 

which is result (i). 

By Fourier’s Theorem, we have 

irAr = J (a-+¥- 2ab cos cos rep dcf). 

For (ii), we take 

2ab 


7rAr = 


1 


COS7'<^d<j[>, 


and expand in powers of 2abj{a- + h^y, for (iii), we take 
1 f" 4a6 , . - 

Jo r " (^ 1 ? 


irAr 


{a + br- 
and expand in powers of 4a&/(a + &)=> ; for (iv), we take 

4a5 


•7rM,.= 


(a 






and expand in powers of — 4(x6/(a — by. 


COS7^cl)d<pj 
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For these, we use the theorems that 
I cos r(f> cos^ 6 dd> 

J () 

= 0, if 5 < 

= 0, if 5 — r is an odd number ; 
and if 5 = r + 2p, the integral is 

(r 4- 2p ) ! ^ 

pi (r+p)V 

and then the results follow. (See Gauss, Ges. Werke, t. iii, pp. 128, 
129.) 


E(€. 2, Let A + 4- Cx- =0(x — a) {x — /S); and take 

X — a = (/3 — a) iL 

The equation becomes 


u (1 


•“)S- 


D* Ea E \ dy F 

6'(a-/S) G ] du c y~ ’ 


a hypergeometric equation. 

Ex, 3. All these results can be obtained by considering (a) the 
coefficient of aP in the expressions on the right-hand side and 
(6) the constant term. 

Let N denote the coefficient of x'^^ in F. Then 


^ a -f- 

in -Fa+j A IS A 

a ' 

in it is 

and therefore, for relation (i), the coefficient of on the right- 
hand side is 

N [(y8 — a; + (a -h n) — (/3 + 7^)], 

which is zero. The coefficient of x^ is /3 — a -h a — /3, i.e. zero. 
Hence 

(f3^a)F+aF^^^/3F^^=^0, 

Similarly for the others. 

Ex. 4. Let S denote F(— a, —,/3, 1 “7, x); then 
0 = «/35f-{l-7 + (a + /3-l)«;}g-«^(l-*)^. 
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Writing P for F(o[, y9, 7, x), we at once have 




dP(^ 

dx dx 

fd^S dF FF 
x‘ dx dx^ dx 


-x{l-x) [j-, 
and therefore a^FS — (x — a--) = constant 

CL0(j U/Cb 


by 


0: = 0. Hence 


= aA 


F{a, F j, x)F{- O', - j8, 1 - 7, x) 

" * 0 - «) ^’(a+ 1, ^ + 1. 7 + 1, «) H (1 - 0!, 1 - 2 - 7, *) = 1. 

Xow (p. 214 of the text) 

P{^ - a, 7 - /3, 7, ir) = (1 - xY-^^-yF{a, /3, 7, x ) ; 
applying this transformation to each of the four functions, and 
then writing 7 — a and 7 — ^8 for a and /3, we attain the required 
result. 


Ex, 5. (i) The function F {a^ ^ 4- 1-, 7, x) satisfies the equation 
d^F rlP 

^ ^ ~ 

Now take a; = , and H(a, a + 1, 7, a;) = (1 + Q ‘ then the 

equation for G is 

d?G dC 

~ ^ ~ 2/1 ^ - 2« (2a - 7 + 1) G = 0, 

so that the primitive of the latter is 

G=AF( 2 a, 2a + 1 - 7. 7, y)+By^-y F{ 2 cl+ 1-7, 2aH-2-27, 2-7, y). 

Comparing the coefiScients of y and y'-r in the relation between 
F and G, w^e have 

A=^l, B= 0 ; 

and therefore 

(1 + yr F{ 2 a, 2a + 1 - 7, y) = _ 

(ii) The same process as in (i) leads to the required relation. 

(iii) The substitutions are y = sin^ ^ 6 ^ x = sin^ /9 = 4y (1 - y) ; 
the same process leads to the result. 
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(iv) Let^ = sin2 2^; the suggested transformation gives 
__ 8 sin® 20 _ sin®0 

y~~ (1 + cos"2(9)» ■ 

When the transformations indicated are made, and the process in 
(i) is adopted, the result follows. 

Ex. 6. When the substitution 2.^‘ f is made in Legendre’s 
equation, it becomes 

r(l-P)f|-2r^-’K’i + l)(l-P)2/ = 0. 

First, take ^ (^‘) = ^’^2/ ; the equation becomes the 

equation for the hypergeometric series P(^, — -J- — n, p) ; and 
comparison of coefBcients establishes the result. 

Secondly, take ; the result follows 

in the same way. 

Ex. 7. The limitation, that x-< 1, is necessary to secure the 
convergence of the infinite series when they occur. 

In the Legendre equation, take ^ ; the result follows from' 
the general statement in § 115 by noting that ry = ^. 

Ex. 8. See a paper by Forsyth, Quart. Jouim. Math., vol. xix 
(1S83), pp. 292-337. 

The result can be verified by direct substitution and com- 
parison of the coefficients of 0 (f\ in the manner of §§ 114, 115 in 
the text. 

Ex. 9. (The condition a-ha"-f;8 + y8' + 7 + 7 ' = l should have p. 242 
been stated as part of the question.) 

Linearly independent integrals in powers of x are 

where Fi and Gi are regular functions of x, beginning with x\ 

Linearly independent integrals in powers of 1 — are 
{l-x)yF,, 

where F^ and G^ are regular functions of 1 — beginning with 

(1 - xy. 

Linearly independent integrals in powers of Ijx are 
x-^F^, x-^'Gs, 

where F^ and G^ are regular functions of l/x, beginning with x\ 

p. 
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(The differential equation belongs to the Riemann P-fiinction ; 
for the relations of the various branches of the function, see 
Papperitz, Math. Arm,, t. xxv, pp. 212-221 ; Forsyth, Theory of 
Differential Equations, vol. iv, §§ -iT-bO ; Whittaker and Watson, 
Modern Analysis, ch. xiv.) 

Ew. 10. Let yi and denote two integrals of the hyper- 
geometric equation; and write 

The differential equation for z must be of the third order; it is 

S + e - ^0 + ^) £ + +dx+e) g 

+ {foo-^g)z=0, 

where a = - (« + ,S + 1), 6 = 7. c = 2 a= + 8a/S + 2^8^ + 3a + 3/3 + 1, 

dj ~ — 27 (2a + 2^ 1) — ^ ~ 27" — 7, 

/=4a^(a + /3), = - 2o/3 (27- 1). 

For the purposes of the question, it is necessary to find when this 
equation of the third order is satisfied by a polynomial in x. 

Let be the highest power in the polynomial; then the 
highest power in the substituted expression on the left-hand side 
has {n -1- 2a) {n + 2/3) (?i -|- a q- /3) 

for part of its coeSicient. This must vanish if the equation has 
to be satisfied, giving the first set of results. 

Let the polynomial be arranged in the form 

La + LiX -I- . . . -j- LnX '^ ; 

then the coefficients of all the powers must vanish after sub- 
stitution. These conditions lead to relations 

gLa -I- eLi = 0, (d -f g) +fLa + 2eLa = 0, 
and so on : leading to a variety of cases. The first relation is 
satisfied if 7 = | without regard to the ratio ii/Lo- 

For further consideration, see a memoir by Markoff*. 

The only other eases, in which the product of two solutions of 
the hy'pergeometric equation can be a polynomial, are : 

(i) a = -iw, 7 = 1, -J, ;8, /3-l,...,8-|(w-l), 

with the set obtained by interchanging a and ,3, and 

(ii) « + /3 = -k, 7 = J,-|,...,_^^,..._(„_’|)^ 
where n is an odd integer. 

* Math. Ann., vol. xxviu (1887), pp. 586-593. 
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Ex. 11. The value of 72 . is — The primitive is 
yx^ = J.' + jB' sin-^ (2^ — 1) 

= A B sin“^ 

where 2B' = B, A -= A' — ^ttB . 

A particular integral of the equation is given by 

hence particular values of A and B must exist such that 
x^F{^, 4-, x)^A +Bsin-'^x^. 

We easily find, on comparing coefficients of x^ and x^, that A = 0, 
5=1; hence 

Bin~^xi = xiF(^, f , x), 

and therefore sin~^ x = xF (^ , i , x'^). 


Ex. 12. (i) y = AF (I :^^, h,x) ^Bx-^F (2,^1, §,x) 

= -4(1 — Qx) (1 — x)"^ + Bx"^ (1 — l^r); 

(ii) y = -4i^(l, -2, I, I, 

= 4. (1 — 4^- 4- +Bx^ (1 — x^'K 


Ex. 13. By § 132, the relation 


satisfies the equation 


^ = 


s-^ + 2s- V3 — 1 
— 25- V3 — 1 


is, = 




Now take 


X = 


(1 — zf z{l — z) 
4iZ 

iz+ 1)^ 

_ (6‘«- 145'^+ 1)^ 


I )‘-J (58 + 3454^ 1)2- 

Any constant factor can be associated with 5 without affecting 
the value of [s, z] or [s, x} ; so we can change the sign of and 
we have 

(5« + 145^+1)=^ 


leading to 


X 


(s^ + If - 345 *^ + If ' 

X _ (5® + 145^ 4- 1)^ 

^ "" 1085" (5^ -1)^ ' 


Further, by (i) on p. 231, 


{s,x} = {[s,z]-{x,z}-\{^^ 


dz' 


6—2 



84 


CHAPTEE VL MISCELLANEOUS EXAMPLES 


p. 243 


Substituting and reducing, we have 




: + 


ill 


^2 + ^ ' x{i — xY 

Hence X- = ^, z/^==i; 

and therefore either 

2 


or 


_11 

“ 24’ ^"24’ 

“ 24’ ^“24’ 


7 = 


3’ 

4 

3‘ 


The former set leads to the first of the given equations ; the latter 
set to the second of them. 

For the relation between x and s, we have 

e {6 

where 6 = + 2 s~~\ 

Then by §§ 61, 62, the primitives are 

y = + Bss'~^) x~i (1 - a;) «, 

2/ = (4/-^ + 5ss'-i) (1 - a;)-f ^ 

respectively. 

Ex, 14. j^The relation should be 

(2^iy (s^+Us^+iy ■ 

4:Z 1085^(5^-1)4' 

By the result in the last example, we have 


■■ 5 , = -, 4- 


4 15 




when 

a; _(s® + 14s^+ip 


x-1 103s'‘(s'‘- 1)'! 

Xow take 



U + ly ’ 

so that 

{z — 1)^ x 


^ - 1 ■ 

Proceeding as in the last example, we have 


{«,- z] = 




fV 
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and therefore either 
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« = i, /3 = — tV> y — i> 

® “ tV > ^ ~ y — ^■ 

The former set leads to the first of the given equations, the lattei- 
set to the second of them. 

For the relation between z and s, we have 
(z - 1)^ _ (0 + 12)s 

{z+iy~ 0 {d-sey' 

where 0 = s* + 2 + s~\ 

Then by §§ 61, 62, the primitives are 

y = ( J.s'"- + Bss '~'^) (1 — 
y = ( + Bss'~^) x~^ (1 — 

respectively. 

Ex. 15. (i) Writing 

y = {l+(l-xyiY\ 

it is easy to verify that 

0- ~ ~ ^ ^ ~ i ~ ^ ^ 

Let 71 = — 2a, so that the equation becomes 

^ (1 - oj) + {2a + l — (2a + 1) ^ - a (a + 4) y = 0. 

The primitive of this equation is 

AF(a, a + -I, 2a q- 1, w) + Bar-^F(- a, - a^ ^,1 - 2a, x): 
so that, for apj)ropriate values of A and B, this must give the 
expression for y when n — ~ 2a. 

By comparing coefficients in the expansions of ascending 
powers, we have 

B=^0, 

hence the result. 

For the remaining results, we have (from the foregoing property) 
F(2, A, 5, w) == 2^ {1 + (1 
F{1, f, S,x) = 2^ {1 + (1 - 

F(^, 1, 2,x) = 2{l-^(l-x)^]-\ 

leading to the required relations. 
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Chapter VI, Note I. 

p. 252 2. When 7 is a negative integer, 1 - 7 is a positive integer 

sayp. The primitive* is found to be 

AxPF{a+p, ^+p, l+p, x) + BG, 

where 

Q = ^ 1 +_p, «) log a' 


+ ^ 2 ^ (w-l+a)...a(?i-l+,5)...y 8 
«=o n\ {n - p) (?i - 1 -p) . . . (1 - jp) ^ 


+ (- 1)P-^ 2 


(?i.-l + a) ■■■«(» -l+/3).../3 


' ^ • n!(i)-l)!(n-_p)! ‘ 

where <D, = ^ log - 1 + «) n (n - 1 + /3) 
dn ^ n(«)n(y3X 

in the customary notation of the O-function. 

Ex. 6 . (i) The indicia! equation is (p — 1 )^ = 0 . 

One integral is = x. 

Another integi'al is = 2 /i log x + x\ 

The primitive is Ay^ + By^, 

(ii) The indicia! equation is (p — 1 ) (p ~ 2 )^ = 0. 

The quantity y = 2a, 

satisfies the differentia! equation, represented by JDy = 0, if 
Dy = Oo(p-l)(p-2fx^, 

provided a,„= - a„,_, . 

(?7i 4- p — 1)“ (m + p — 2) 

Fii’st, we take p = 2 ; two integra!s are given by 


and these are 


y=2 




y .2 — !og X. 

Nest, we take p = 1 ; in accordance with the theory, we write 

ao=^(p-l)^ 

so that Dy = A(p-lY(p-2fxf‘. 

Porsytli, Theory of Differential Equations, vol. iv, p. 148. 
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Then integrals are given by 

[S/]p=i. 

The first of these is it is not a new integral. The second is 

A log X — 

a linear combination of and 3/2 ; it is not a new integral. The third is 
2 A [^6' + (log xf — ^x^ log X + + x^], 

which, by a linear combination with y-^ and 3/0, can be reduced to 
a constant multiple of 

3/a == + £t;- (log xy. 

The integrals 3/1 and 3/2 belong to the index 2, and y. belongs to the 
index 1 ; the primitive^ is 

y = Ay I + By. 2 + Cy .^ . 

(in) The indicial equation is 

. (p-l)(p~ 2)^ = 0. 

The quantity 3/ = S satisfies the equation 

n = 0 

By = a,(p - 1 ) (p - 2 y xp, 
where the original equation is By = 0, if 

^ ^ (p + p-sy 

^-^(p + p- 2 ){p + p-iy-- 

Following the Frobenius method, find three linearly inde- 
pendent integrals in the form 

3/1 = ^ -h 
3/2 = 

y, = xHogx; 

hence the primitive. 

(iv) The indicial equation is 

(2p.~l)(2p^3) = 0; 

the primitive is 

y = Ax^- + B (x — -. 

The integTal which belongs to the index ^ is x '^ ; the integral which 
belongs to the index f is any multiple of 

(x-^x^)^^ -x^, 

and the expansion in powers of x is immediate. 

* loc, cit., vol. iv, p. 103, 


dy '^d-y'' 

dp_ p“i jdp'^ p=i 



88 


CHAPTER VI. NOTE I 


(v) The indicial equation is (/9-”2)(p — S)=0; the primitive is 

y = {A -f Bxe~^\ 

the expansion in series being immediate. 

(vi) The indicia! equation is p^=0; the primitive is 

ye^^=^A +B log/?^‘. 

p. 258 Ex, 7. In the vicinity of ^7= 1, the primitive is 
AF(a, by a + b, 1 — x) 

•i-B(l-xy~^-^F(l-a, 1-6, 2-a-6, 1-^4 
When a + 6 - 1, the form of the primitive is 

A {Fa, by 1, x)-hBlF(a, by 1, x) log x + F (x)}, 
where F(x) is a regular power-series in x, the form of which is 
determined in connection with the second part of the question. 

As regards Legendre’s equation 

when the independent variable is changed to 5, where ^ = 1 — 2x, 
the transformed equation is 

iT (1 - x) y" -h (1 — 2x) y' + n (?i + 1) y = 0, 
so that it is a special case of the above hypergeometric equation 
for which a = ?i -h 1, 6 = — The pi’iniitive of the Legendre equation 
is knovTi (Chapter v) in all cases ; hence the results. 

Ex. 8. (i) The indicial equation is p (p — 1) + 4a = 0. Let its 
roots be pi and po. The primitive is 

Ax^^^ 2 ( - IV' — 

{(pi + n) (pi -f- — 1 ) -h 4a} - . . {(pi -f 1) Pi + 4a} 

_j_ £^p.2 V xy^ 

{(p 2 + ?^)(p 2 -h■?^- 1) + 4a} ... {(p.H- l)p 2 + 4a} ' 

(ii) The indicial equation is p^ = 0. Let 

= /_ nj> {«(2j>-2).+ h]...{2a + b}b 

2-^jp!pl ’ 

7 a a 1 1 11. 

a (2p— 2)4-6 ’^2a-h6 "^6 p jp — 1 **’ 2 I’ 

then, if yi = 2 CopXf^^y the primitive is 

p—Q 

Ayi 4“ B {^1 log 4“ ^ 

p=0 
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Chapter VI, Note II. 

Ex. 3. The equation has the form specified on p. 264, the p. 265 
value of n being 3. 

The indicial equations for a, b, c, oo are 

2a^ + aa + E , a.'a^+ ^'a + <y' 

^ (a — 6) (a — c) ^ (a — by (a — c)- ’ 

, , 2b- + ccb + /3 , a'i)^ + /3'6 + 7 ' ^ 

p(p 1 ) + (. j ^ + (6 - ay (b - c)^ “ 

^ {c—a){c — b)^ {c—ay{c — by ’ 

p (p ~ 1) + 2p + a' = 0, 

respectively. 

In order to obtain the expansions, the equation should be 
taken in the form 


P + ax-\- I3)T “I + {a 00 ^ + /3'x + y')y = 0. 


1 


To obtain the expansion in powers of x - a, take x — a z and 
proceed as usual to find the expansion in powers of ^ ; and so for 
the others. 


Ex. 4. (i) The integrals, as expansions in ascending powers 
of 5 - c, are regular, the indicial equation being 

^ , 2c2 + ac + ^ a'c- + /3'c + 7 ' a 

pO-1) + -(^3^P+ = 


The integrals, as expansions in ascending powers of are 


regular, the indicial equation being 

p (p — 1) + 2p + ex =0. 

No other integrals are regular. 

(ii) The only regular integrals are those given by expansions 
in ascending powers of - , the indicial equation being 


p (p — 1 ) + 2p + — 0. 
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Chapter VI, Note III. 


p. 268 Ex. 3. (i) If a is zero, the primitive of the equation is 

y = -f 

If a is not zero, the equation does not possess a regular integral, 
unless b = p-, where p is a positive integer. When this condition 
is satisfied, the regular integral is a polynomial of order p, the 
relation between the coefficients being 

a + 1) Cn+i + (?i- -p") Cn = 0. 

(ii) If a is zero, the primitive of the equation is 
y=^Ax^ + Bx~^. 

If a is not zero, the equation possesses no regular integral. 


(iii) The qquation possesses no regular integral. If 


dx 

the equation is 


jj dy fl 


dy [1 

Tx^[x-^~x)y’ 


v=^ + 




dx 


dx J 


■ 0, so that a first integral is 


Z7 = 4 F, a linear equation of the first order, which easily is seen 
to possess no regular integral. 

(iv) The equation has a regular integral The primitive is 

y^Ae-vBe . 

(v) The equation has no regular integral. 


Chapter VI, Note IV. 

p. 274 Ex. 4. (i) The equation has no normal integral ; 
(ii) The equation has one normal integral 


y- 




(iii) The equation has a normal integral 

_ 1 I 
y=-x - 

the other linearly independent integral can be obtained by the 
method of § 58. 
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Ex. 6. Adopting the method and notation in the text, we have 
so writing /3 = (— &)-, we take 

o'=^„. 

X'‘ 

Ct) 

Then = (a — 2) Pj = - H — ^ , so that the equation for u is 

X X"^ 

i(" -f {- + ~\ ii + 4, (a - 2) = 0. 

The indicial equation for u gives 

and substituting u = 

we find the condition for a normal integral of the original equation 
to be that {n + p) (n + p — 1) — a (?^ + p) = 0 
should have roots which make n a positive integer. This quadratic is 
(?i — ia + 1) (n + — 1) == 0, 

so that the condition will be satisfied if a is any even integer, 
positive, negative, or zero. 


Ex. 6. As in Ex. 5, 


so we take 
where 0 = ± 1. 


n'-i 

x^ 

Then the equation for u is 
2(9 , a + 


u + ■ 


li- 0. 


The indicial equation is 2p = 3 + a6. The condition that the 
equation should have a normal integral is that the quadratic 
(2u + p)(2w+p-l)=0 
should have integer roots. Evidently, either 

p = 0, and then a = 3 or — 3 ; or 
p = 1, arid then a = 1 or — 1. 

Ex. 8. As in the text, we have 


so we take 


X 

n' = ax^^. 


p. 276 



92 


CHAPTER YI. NOTE IV 


The equation for u is 

It" 4 - 2aar^u' — 4 - bx~^) ii = 0 . 

For this equation, the indicial equation gives 

p = f • 

If there is a regular integral of this equation, it must proceed in 
ascending powers of ; so, when it is taken in the form 

u — 

the condition for a regular integral is that the quadratic 

{hn + i)ihm-^l)^h = 0 

should have an integer root, that is, h must be of the form 

^(2^~l)(2^ + 3) = 0, 

where p is an integer. If p is zero, there is one subnormal integral 
of the original equation ; if is greater than zero, there are two 
subnormal integrals. 

Ex. 9. Writing & = — /3^, and proceeding as usual, we have 



The equation for u is 

+ (4 + ^4) + -Ha - 3) I3x-iu = 0 ; 

its indicial equation gives 

P = i(3-c.), 

and the condition, for the existence of a regular integral in 
ascending powers of x-, is that the expression 
(^■?i 4 - p) {\n 4- p — 1 4- |a) 

should vanish for positive integral values of n. The expression is 
T + i (3 - a)] {ii 4- J (a - 1)} ; 

it will vanish if a is any odd integer, positive or negative, for an 
appropriate value of ? 2 . 

And this will happen w^hether /3 is positive or negative ; that 
is, the equation then possesses two subnormal integrals. 

Ex. 10. There is no regular integral unless a is zero, and there 
is no subnormal integral. There is one normal integral if 

& = - (p +1) (p 4* 2), 

where p is either zero, or a positive integer, or a negative integer 
less than — 2. 
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§ 139. Ex. 2. The analysis on p. 281 leads at once to the p. 282 
result. 

Ex. 3. With the notation of § 136, we have 

(t) — {^CL + ^)t -{■ = — {a + /3) t, 

f |■■(^) it-a) + b log (t - /3), 

where « = ^ = 

The limits for the definite integrals are given by the equation 

For positive values of x, a limit is given by ^ = — co ; and if a and 
b are positive (a hypothesis that imposes limitations on a and jB), 
limits are given by i = a, ^ Hence the primitive is 

A f (t ~ a)^“^ (t — dt-\-E f {t — aY~^ {t — 

J a J ~oo 

For negative values of Xy a limit is given by 25 = cc ; and the 

primitive is 

A (t - + B {t - a)®-' (^ - 


Ex. 5. In the integral {t^ - (fy e^^dt, take qcosd] p. 283 
J -q 

then, except as to a power of — 1 which can be absorbed into the 
arbitrary constant, the integral becomes 

For the second integral, take y = x^~^z, which gives a change 
of variable unless a is unity ; the equation for z is 
d^z , .dz , 

so that, with the limitation a < 2, another integral is 


y 


= f 

Jo 


sirA-'^edd. 
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Hence the primitive. (The limitation 0 < a < 2 keeps both in- 
tegrals finite.) 

When a is nearly take a == 1 — e, and expand in powers of e ; 
the inteoTal becomes 

Cl I (I — € log sin 0 -h ...)d 0 

J 0 

+ 60(1 + e logA’-f- ...) J (1 4- e log sin^ + ...) dff. 

Now take Ci-\-C» = A, G, = — , where A and B are finite ; we have 
y= 

J 0 

4- ^ [B log {x sin d)-\- {B — Ae) log sin 6 } dd -i-eU, 

where U is finite when e is zero. Make e zero ; then a = 1, and 
the integral is as required. 

Bx. 6. Using the result of Ex. 2, § 103, we have 

Write z = ; then 

cos (x sin 4- i sin (x sin (p) = 2 iJi sin cl> -i- 2 Jo cos 2 (f> + 
so that cos (x sin c;6) = Jo 4- 2 J3 cos 2 (j> 4- 2 J4 cos 4^ -f . . . , 
sin (x sin <^) = 2 Ji sin (f> -h 2 Jj. sin 3^ 4- 

Thus I cos 2?n<5£) cos (x sin (j>) deb = ttJojh, 

Jo 


and therefore 
Similarly 


sin 2'm^ sin (x sin <j>) dcj:> — 0, 


J^ 27 n. = — I cos (2m(f> — X sin cjb) d(p. 

[TT 

I cos (2m + 1) cos (x sin (f>) d<p — 0, 


sin (2??i 4- 1) ^ sin (x sin <p) dej) = 

1 

and therefore Jom^-i = — j cos {(2m + 1) (p —x sin (/>} def). 

Hence, for all integral values of 71, 

If”" 

Jn = ~J cos (7i(f> — X sin (/)) d(p. 
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1 141. Ex. With the notation of the text, 

JJo — ^ t, = — fl-, iJa = — (if + ji), 
SO that the equation for T is 

TU, M-=)j + = 0, 


leading to 


rJT 

+ h ) + 2) ^ 4- (3i — yu,) T = 0. 


dt 


This equation can be written 


dr^T 


dT 




idT 


which gives 


dt 


dW 

(t + f.)^+2W-^0, 




dT 


where W stands for + (t — /jl) T, The simplest solution of all 
is W = 0, that is, dT 


dt 


+ (t — T = 0, 


leading to 
Then 


V,^TU,==T{f-fjd), 

V, = xTU.,-j^(m) 

= ~xT{t + iJ.) + T{l-(t--fi% 

on reduction ; hence 

V, + V,= T{l^x{t + i^)}, 
and therefore the limits equation is 

Possible values are t = — cc , ^ + oo ; accordingly, we have an 

Now toe — \ {t — fxy = — \ {t — X — /x)- -f + fjLX ; 
the definite integral can be evaluated, and we have 

as an integral of the original equation. 

For a second integral, use the method of § 58. 


I. 288 



p. 290 


p. 293 
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§ 142. E(c, Use the notation of the text, substitute 

y = xJe~P^Pdp, 

and determine t exactly as in the text ; the resulting equation is 
mj(l - f) Ptdp -f (m + 1)/ e-^^Ppdp = 0. 

This equation can be deduced from the similar equation in the 
text by changing the sign of m ; so we have 

m - 1 

p = A {p^-iy ^ 

while the limits equation is 

m + l 

This is satisfied by ja = oo , and by p = + 1 if the index of p is 
positive ; thus ??i may not lie between — 1 and 0, that is, n must 
not lie between — 4 and — 2. Then there are two integrals 

m-1 

- 1 ) ~ ~2m~ dp, 

771-1 


J 1 


^ j ~ 1 ) - 2 w dp. 

As m = + 1 , the index of p® - 1 is — . Inserting the value 

transforming the second integral in the 

same way as the corresponding integral is transformed on p. 289, 
we have the required results. 

§ 144. Ex. 1 . By Ex. 2 , p. 240 (see p. 79, ante), we take 
A+Bx+Gx"- = C{x-a)(x-^), a? - a = (a -/ 3 )m; 
the equation becomes 


u (1 ■ 


»)?!+(■ 


E a E 


da G^~^’ 


•hich is a hypergeometric equation having 7 ', / 3 ' for elements, 


where , D + Ea 
7 = 


t . /y E 

« +/5 =^- 1 , 


a'/S' = 


F 

Q- 


G{a-B)’ 

The results in the text apply at once. 

Ex. 2 . The limits equation of § 143 is 

(1 - v ) y -^ (1 - «*)-“-!] = 0. 

This is satisfied by r = 0 if ^> 0 , and by ?; = -oo if a +1 > 7 - 
hence case (i). ’ 
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It is satisfied by t; = 1 if 7 > jS, and by v — 00 if a + 1 > 7 ; 
hence case (ii). 

For the third case, it is necessary to take account of the fact 
that the upper limit is to depend, upon cc, and that therefore ad- 
ditional terms will be contributed to the limits equation. Taking 
the value of V in the text, consider^' 


y = (1 — (1 ^ xu)'~°-du, 

• a 

and substitute in the left-hand side of the hypergeometric equation; 
after appropriate reduction, it becomes 

^ — 1 ) 6 ^ (1 — (x - + ag^{l — g)y‘-^ (1 — 

The first term vanishes when 6=1, if a < 1. The second term 
vanishes when ^ = 1, if 7 < /3. Hence the result, which is due to 
Jacobi {I.C.). 

Ex. 3. The first equation is hypergeometric, with a = -I, /3 = , 
7=1. Hence, by § 143, one integral is a multiple of 

r v ~^ (1 - v )~^ (1 - dv , 

J 0 


that is, a multiple of I' (l—x sia^ <f) ^ dcj); and by § 144, another 

J 0 

integral is a multiple of 

I ' v-i (1 - v)-i (1 - x'v)~i dv, 

J 0 


that is, a multiple of (1 — x sin^ <^) d<f>. Hence the primitive. 

J 0 

For the second equation, write y = xcdii ; the equation for %i is 

This is hypergeometric, with a = |, /3 = f, 7 = 2. By | 143, one 
integral is a multiple of 

[ (1 — vy^ (1 — xvy'^ dv, 

Jo 

that is, a multiple .of 


^ d<f> ; 
J 0 


^ See Jacobi, Crelle, t. liv, p. 150. 
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294 


and by § 144, another integi-al is a multiple of 
J 0 

that is, a multiple of 

sin- sin- (/>)~‘^ dcp. 


Hence the primitive. 


(i) This is hypergeometric, with a = - -J-, /3 = -Jr, 7 = 1 ; so 
that, as /3 is positive and 7 is greater than ont‘ integral (§ 143) 
is a multiple of 


V “(1 — -y) (I a)v)- do, 


that is, a multiple of 1“ (1 ^ a: sin- d <^ ; and as 7 is greater 

JO 

than /S and a is less than unity, then, by E.\. 2, (iii) above, another 
integral is a multiple of 
1 

or adding the former, it is a multiple of 
1 

[ u - (1 — uy- (l — dv, 

Jo 

or when the transformation wii = sin-^ is used, it is n, multiple of 



Hence the primitive. 

(ii) The equation is derived from tluit which precedes by 
interchanging ai and w . Two integrals therefore are 

(1 - x' sin’^ <f))~ d^, 

and 

hence the primitive. 



are 


and 


eUAPTEll VIT. § 144 
(iii) Integnilfci of the equation^' 

+ 2/ = 0 

V „ JL 


.r (1 - sin- <f>) 2 cos 2(f>d4>, 


and integrals of the eijuation 


. , (Irl/ (b/ 

4^,..r ,, y^O 


are 


and 


I .// (1 — .r' sin- (/)) “ cos 2(l>d(j), 




cos 2(f>d(j). 


Hence the primitives. 

(iv) The equation is uiuiltered by the interchange of a’ and w. 
Integrals of the equation are 

. . . . _i, 

(sin c/> — 2.r siif' < 5 J>) (T — a* sin- (f>) - dcj>, 

0 

and (sin (p — 2.r' sin’' p) (1 — . 7 / sin- p) - dp ; 

J 0 

hence the primitives. 

Eiv. 4. For the lirst^ pa,rt, wu-ite 

' .7;“ 

the Legendre equation lx ‘corners 

^ (1 - ^) 'J J + 1 » + S - i>i + 5) - i O -t- 1) 0. -f 2) « = 0, 


a hypcrgXM: )i n ( ^ t ri c < 7 j ua t i < m , w i t h 

7 = //, -f ‘1 , a r= I (11 4- 1 ), /3 == !j V 4- 1 , 

so that, if 71 4- 1 is positiv(‘, f3 is positive and 7 is greater than ^Q. 
Hence (§ 143) a,n integral is 

u - f V - ( 1 — v)- (1, -- sv) dv, 

J 0 

which gives the first rc^sult. 

* For the roiuaining otjuatioriH ia thin oxample, see a paper by Glaisher, Quart. 
Joitrn. Math.j voL xx {1HB4), p. S27. 


7—2 
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CHAPTER VII. § 144 
For the second part, write 

1 

y=:X*^lL 5 = -:,; 

the equation becomes a hypergeometric equation witli 
ry = - « + ^, a = — J-?i, /3= - -iw + 'i', 

so that, if n is negative, /3 is positive and 7 is greater than 
Hence (§ 143) an integral is 

tc= j (1 — r) ' (1 — sv)^ " dv, 

which gives the second result. 


Miscellaneous Examples at end of Chapter VII. 
Ex. 1 . With the notation of § 136, we have 
4>(t) = t^, t(0 = a; 
so an integral of the equation is 


r 

j 


,ni. — -- — - t 

n~l 


(It, 


between limits given by 

xt — ^ 

]=(). 

Obvious limits are given by ^= — oo for positive values of (or 
^ + 00 for negative values of x) and by t = 0 , as //. is a positive 

integer. 

Denoting by 1 , a, the roots of = 1, another integral 
is given by 


/<-■ 


xta?' 

e 1 dt, 


for r = 1 , . . . , n - 2 . Hence an integral is 

fo — !!: pn+i?i-2 

2 /= e V (it, 

" r-O 

containing n — 1 arbitrary constants, which appears to be the 
most general integral thus fer obtainable. 

When we take this integral, it can be completed in a formal 
sense by the process of § 77 ; but the resulting expression is too 
complicated for use. 
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Ex. 2. The priiuitive (by § 136) is 
y =z[ (Jf-- (4 cos xt +• B sin xt) dt 

+ B f (l)- + t-)i" ~ ^ e®' d(, 

■ 0 

when X is positive. Wlien x is negative, the limit + oo should be 

taken. 

fe. 3. Both oqTiations are apecial cases of Ex. 1 above. 

For the first (f> = - 1 ; so an integral is 

. ' - .-jO 

where A and B arc^ arbitrary constants. The primitive can be 
completed formally hy tlie process of § 77 ; the special integral 
required is obtaimnl by taking 

V 

For the second a = 1, ; so an int(‘gral is 

-i '>5 

where A and .7) are a^rbiti.’ary constants. Again the primitive can 
be completed formally l)y the iirocoss of § 77 ; the special integral 
required is obtained by taking 

= // = 0. 

Ex. 4. The primitive of th(‘ eij nation 

il'hf 

for values of n not lying between 0 and ~ 2, is given in § 142 in 
the text, and for vaJut's of 7i not lying between —4 and —2 is 
given in the Ex. to § 142 (the solution being given on p. 9(3, ante). 
Thus, for values of v/ not lying betwnt'n - 4 and 0, we can take the 
primitive by a (*oml)ination of the results in the form 

1 -f ^ 

y = ^- f - v") <■' «!' 0 

-j- Bx I ( 1 ~ //^) ^ C(.)sh f ftp. 

Now write n = 2/// — 2, so that m do(\s not lie between 1 and “ 1 ; 
change c into moi, and take p - sin <j6 ; the result follows. 


>. 295 
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Ex, 5. (See Ex. 3, § 112.) Let y — the first equation 

becomes 

drz ^ 

,,_.4.20^ + l)_ + „-,,,^ = 0, 
and the second becomes 

both of which are included in the equation in Ex. 2 above. 

For the integral of the first, use the integral of Ex. 2, makin? 
B=0, A = ; it gives 


2i’“ 


in _ (i!)n 

■I 0 


cos .'t;t dt 


= f (f— a-)'"' cos .'iidt, 

J -a 

which is the required result. 

For the integi’al of the second, take 

fco 

’ = (^’2 ^ avdv : 

J 0 


then 


dhi 


du 

dx 


— ~ (2?2 + 2) X I (x^ + ^)2) - eoH (wdv, 

J 0 


J”2 = ~ 2) I (^‘2 _j„ 


/•CO 

+ (2?i + 2) (2n + 4) cos ayfh, 
J 0 

= {2n 4- 2) (2n + 3) j (x^ -j- -y 2 )-n--tj (fxdv 

Too 

- (2n + 2) (2?i + 4) V- + ?;=)-"-” cos aodv. 
J 0 


Now - (2m + 4) (.*= + cos u.«ffo 

“I OO pCO 

= + COS av (.*= + <y=)-»‘-^(co.s «?; - av>^mav)dv. 


Consequently 

2m + 2 du _ r® 

a!ic= ^ + “U „ Kill Willey 

J () 

rOO 

= -[a {a? + sin av] + a- / (»-’ + cos avdv 

J 0 

= a-^u, 

and therefore y=a;»+if (/B= + 'y“)-'*-icosaydw 

J 0 

is an integral of the second equation. 
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Ew. When ?/ = I ^^^•+ny^(^sx)dz. 


then , = I e ni + /i yjr (zx) dz. 

Now {zx) = (^,7?)''^*'”^ i^zx) 

by hypothesis ; thus 

(ln+\y r°o 


,.m~i 


e ni + n yjf (^z,t.^ djZ 


Further, 


~=[ 3"'e "i + u\[/-'(sa!)ds 

iix j 0 

If „ 

= - {zx) 


^ :- 6> ^ (sx) {mz^ - ^ 2 m+n-ij 

•^* j 0 

1 r^' ._ ■“ 

= / ri? /«.-}- u \jr (zx) l7nz^^^~'^ ^ ^‘2m-hn-ij • 

•f' J 0 

I u n 

and therefore , ,, ,'- = : - -h ?/, 

when u has the a8sii>'M(‘d vahu‘. 

For the special (‘xa,inpl<‘, note that 

d' fdru \ dhj du 
dic U./’ - ~ ■''■'v “ ~ ''" dx ~ 

so that, for conr|)a,ri8on, 7)h=l and n == 2. The e(]uation, which 
determines '\|r, is 

d:>~‘ 

SO that (x) = xU’^ + Be'^ + 6'e“--'-, 

where a is an imajrinary root ut'cc'= 1. Hence 

- i/= [ e - 1 (H (f^' + jBe“* + ds 

J <1 

is the general integral of 

d’‘i/ di/ „ 

r/.r' dx 

dt^y ■ • ‘ 

it is the general integral of — xy = 0 it 

A + Ba^ + Ca = 0. 
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Ex. 7. It will suffice to take = 1 ; the course of the analysis 
is the same for a general value of oi. 


so 


We then have 
dy 


y 


dx 2x 


J .r*j 
1 

71 x 

,00'^ «/ 


^ ^ 2ic;e “ ^ 1 (O - 2.i; 


dx 


J_2e-2.T_ 

a: 2;ei 

1 1 

2 




ra; 2 p 4/;;~ - “ 


~ g - 2a; _ " - a;- - 1 






a- 

■ ^7: 


Now 


A /'? 
U' 


= --^ + = -2^4- 


5- 




integrate between the given limits, and thm. the expression on 
the right-hand side of the equation for y is seen to vanisli. that is, 


d^y 


^-4y = |e-2-*v-L: - 2.re •'-••-- i. 

Ex. 8. The analysis in the text shews that 
y=Je''’«Vdu, 

with the assigned definition of F and with the limits 

[e™17iF] = 0, 

is an integral of the equation. 

Now substitute y = F; 

then with the condition 

(« — 1) = Wa&i — «! h.., 

the quantity Y satisfies the equation 


+ (2n6 -L " 1 7, „\ , 


dY 
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This equation is satisfied by 

r = fe^^ivlrnYdu, 

taken between the preceding limits; so that the r-eqiiation is 
satisfied by any unilti})le of 

Passing to the limit when n = 0 so that the F-eqiiation is the 
same as the original e(|uation, we have a new integral of the 
original equation in the form 

log {(a, + /qa;) U,}'du. 

Hence the result. 


Ei-^. 9. When k satisfies the <juadratic 

+ (d. — 1) 'ink 4* -do = 0, 
the given equation becomes 

m“t + [hnrk + in {in — 1) 4 in A j 4- mBit} 


P. 


dt 

+ {Bjiuk 4“ J5q 4" C(,i) ^ = 0, 


which is of the re(iuired form. 

Er. 10. Let ^ = ['/n>0 dt ; 


then 


dz f ^ 
(Or Jo * 


— in dt 

0 Jo 


hence 




=f(.r)-mz; 


Similarly 

1 

(S- 4* n) 4* Hi) 


./’(•*) = 


' 1 




J 0 4' * 
J Oj o' 


When this operation is repeated in succession for m = Ri, a^, 
we have the result. 
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Ex, 11. By Ex. 8 , p. 241 (Misc. Ex., Chap, vi), p. 81 above, an 
integral of the differential equation is 

- a/37 a.a + l./3./3H-1.7.74-l ,, 

' + -ST * -T:T7:eTir.-T+r 

Multiply this by 

r(^)r(^ -;5)r(y)r(e-Y). 
r(^^)r(e) “" ’ 

the product can be expressed in the form 

v — / 3 ) r(e— 7 ) r (a + n) r (iQ + m) r (7 + «.) 

«to r(a) ^ ^ r(6» + n) r(e + w) * • 

The coefficient of in the definite integral is 

lo lo ~ 

which has, for its value, the coefficient of x/^ in the foreRoincr 
product. Hence the result. 

The indicial equation for series in powers of x is 

p (/o — 1 + ^) (p ~ 1 4 - e) = 0. 

The integral for p = 0 is given above ; it may be denoted by 
F (a, 7 , 0^ e, x\ 

The other integrals are then given by 

(a -h 1 - y8 + 1 ~ 7 + 1 ^ 2 - + 1 ~ 0, xX 

and x^ ® -F (a 4 - 1 — 6, /3 4- 1 — €, 74 -! — e, ^4-1 — e, 2 — e, x). 

Using the preceding result which expresses F (a, j3, 7 , 0, €, x) as a 
multiple of a definite integral, we have two otliei* dtffinitc integrals 
given by 

Jo “ vy-y-’ (1 - .T avy-'^-' (III dv, 

■1 fl 

, 0 ' 0 ■" (1 - «)~ai - 

We have, in all, three linearly independent solutions, in the form 
of definite integrals; the primitive is obvious. 
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Ex. 12. Change the independent variable to z, where z = x-\ 
the equation becomes 




dz^ 




-hh. 


With the notation ot‘§ 13(i, wt; have 

.T=(«» + X)-i, 

and the equation for the; limits is 

[g:rt (fs ^ 

roots of which are a, (3, y,-x>. Proceeding as in § 139, we have 
the integral as given, provided 

- - CX^ + DX'^ = i&. 

(Ii'“ u 

Ex. 13. When we substitute; the expression in p. 298 

we find 



-y 


= mhz"^-- r !- - ( w* - ‘ ') i'"' + e - dt 

.'(I 


= mhz"'-- 





= 0 . 

The integral can be constructed by changing the variable to .r, 
where s“ = .'r, and then using the process of § 136. 


Eiv. 14. I’he quantity P._i{s) aatisti(;.s the equation 


(1 




.ly = o- 


Take z='^''^ )/= a.( I-,'/;) - ; the eupiation for u is 

1 - X ' 

" 0 — )S+ o - 2 »)£- 1 “-'>. 

of which ( Ex. f], § 144) one integral is 

I'” (1 X BIX)!- (py^ d<p. 
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P 1 


Now (§ 93) the primitive of the Legendre equation for « = — is 

^ i); 

and in the foregoing integral no logarithm occurs. Hence, for some 
value of A, we have 

-* Vl^'J (1 - sin- d<^. 

Now one of the expressions for P„ ( 2 ) is 

dcj> 

'« { 2 + (z- — 1)- cos cl>Y 
so that P_i.(l) = — / dd> = 1. 

2 TT J 0 

When z X — 0 : so the right-hand side is 

A ~ 

A ^ . 

Consequently A = -, and we have the result. 

TT 

£x. lo. Proceed as in Ex. 2 (iii) in § 144. The quantity 


P, 


^JO f 


y = I ( 1 — ( 1 _ ,r » )-« cin 

■> a 

should be substituted in the left-hand side of tin.: liypergeometric 
equation, e and g being constants ; after ajipropriate reduction, it 
becomes 

- (7 - P - 1) s'® (1 - 6)^-“ (x - e)’'-<5-' 

+ agP{l- p)T'-f (1 _ 

I he first term vanishes when f = l if « is le.ss than unity. The 
second term vanishes when y = 0 if/3 is positive. Hence the result. 

P*. 16. With the notation of §§ 136. 137, we have 
and the limits equation is 

The latter is satisfied hy t= a, /3, y, - ^ hence the given result. 
When ^ = y, we write and then the equation is 

{i - “) (s - (3 1 - - « - 2/s) . - 0. 
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Proceeding as usual, we find 

2 = A f (a— «)*“’ (/? - w) ^ du 

J/3 

+ B j (a — w)^'~' (/3 — du) 

J - CO 

and therefore 

y = (7e^-“ + ^ r e*" (a - (/3 - ^ dit 

J (i 

+ (a — d?/. 

J ~ ao 

When a = yS = 7 . the primitive is 

y = (,tl + Bx + Gx^ ~ -^) e“*. 



CHAPTER VIII. 


p. 301 


1 . 1 

§ 146. Ex. 1. Change x into - , and y into - , alike in the 

X y 

equation of §146 and in its integral: the result follows, because 
the new X is /+ + hn? + aa'k 

and likewise for F. 

The verification required is a mere matter of algebra. From 
the equation in the text, we have 


F+J-2Z'M 


{y-xf 

from the new equation we have 


= Gi + e(x + y) +f{x + yy-, 


rT TT-V 


{y-xf [y- 


2Xi F-^ [ = R + -- {X + y)+ + yy. 


t 


Subtract; and substitute for X" and F; the result is an identity, 
provided Gi = G«. 

Ex. 2. The process of obtaining the integral follows the pro- 
cess in the text, merely by taking 

dx X^ dy 

^ dt y-x’ dt^ y- x ' 

Ex. 8. The example is a special case of the eipiation in the 
text ; the primitive is 

+ y- + 2xy sin a = (1 - cd^) cos a, 
where a is arbitrary. 

Ex. 4. Change x into x\ y into y"] the equation becomes 
{(1 - X ?) (1 - dx + {(1 - y-i) (I - \f)Y I dy = 0. 

Take | = {(l-*=)(l_X,,/^))i, 


and then t = 

J=(2/==-a'‘0(F 


dt 

fdr\^ 

hence yM;r) 

\Qjt j 


■UY-). 
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Again, 


hence 

Consequently 

Hence 


df^ 

<^7/ 
dP " 

d:^v 

dr.»; 


■ — (1 + X) x + 2Xi7r, 

: ~ (1 + X) y + 2X^" ; 


dry 




dx 

y 

dx 

y dt ' 


dt^ 

dy 

(k 


■2X 


/ dx dy\ 

1 - 


di/ 
''' dt 


= A{l-'Xar'ij% 


(It* (ift 

which, on substitution for and , au<l on restoration of the 
original variables, gives the nMjuired result. 


§ 147 . Ex.l. Let 

• u = cio (p + y'^) + 2Iyyi:y + 2b^ (x + y) + a> = 0 . 

Then (chx + Wy -h W) dx + (uoy + h,,x -p h^) dy = 0. 

Now (Uo.r + Ky + /q)“ = (/v - (/,;-) if + 2 {b^h^ - Uo^i ) y + 6i- - a,,,c., 

= h H~ 2By -f* C), 

and (f^iy “h h^)'x 4- bf = k (A. 4 4 2Bx 4 C) 5 

hence the result. The relation is a primitive because the three 
ratios cq, : 6o • ’ ^7 are connected by only two relations. 

Ex, 2. Let n = A. (P 4 if) 4 2A.j;:^;y — a^yP^f -1 = 0. 

Then (AuX - iixxif 4 A>>y) dx 4 {Axy — a(yjiP 4 A.-./r) dy = 0. 

Now {(A.j — u,)V/“) X 4 A >yjY = xX.,* 4 (A;f — A^" — af) y“ 4 no A^y*^ 

= A.j(l 4 chP 4 Uo-'/'O, 

and {(Ao - chP) y 4 j- = A.j (1 4 aoV/- 4 (Iqi/) ; 

hence the result. Tlien* is only a single relation between Aa and 

A;{; hence the integral et.piation is a primitive. 

1 149 . Ex, 1. The result follows from the text by taking 
X == d, A 0)1 = (Xj == /3. 

Ex, 2. The result follows from Ex. 1 by taking 
= 1, yy' = 1, zz' = 1, 


p. 303 


p. 308 
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CHAPTER VIII. §§ 149, 152, 153 

and regarding x , y\ / as the new variables ; the first differential 
equation transforms into the second, and the second into the 
first ; that is, the system is the same. Consequently, the integral 
equation needs only to be submitted to the same transformation. 

p. 316 1 152. Ex, 2. (i) xy + yz zx=^ C ) 


(ii) ze — C] 


(iii) X = C ; 

^ ^ y^a ’ 

(iv) {x - af + (y - 0)- + - cy = ; 

(v) x^y^ + ax^z^ + y'^ + z^ -i- (y- + z-)^ = C ; 

(vi) y(x + z)=:^0{y + z); 

(vii) (x-\'y + z)(x-}-y) = Cxy; 

(viii) (x-hy + z-) == 0 ; 

(ix) ^-(1 +■ ^) + = + C. 

§ 153, Ex, 2. We have 

c\ a- 6V cf- 6- ’ 

so that the equation becomes 


xdx 4- ydy — c* 


,» ydy 

' V a} 6- 


of which the most general solution is 


Ex. 3. For the first part, the required new equation is 
x{x-a) + y{y-b) = ^{z - c) 

For the second part, the required new equation is 

^-logx = <p'{s). 

p. 318 Ex. 4. [There is a misprint ; the relation should be 

lx{Fdx + Qdy) = dV.} 

We have aPJ~. ...qJI- 


1/ 

so, as we have Pdx^ Qdy + Pdz=0, 


we have 


MPdz + ~dx + ~^dy = 0; 
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that is, we can take V <j> (^), 

dV 

where ~ 

Ex. 5. A general aolution is given by the two equations 
U^z^Fixl y = {x^^)r(x). 

§ 161. Ex. Take three e(|uations of condition into which p. 325 
enters, say 

(Ah, Ah,^,, Ah) 

dx,. 

The combination 

Xp(Xii Xr^n, El) 4" A"',,,. (Ah, A/, Xp) 4* ^^(Ai, Xp, X,,^) = 0 
is free from Ah, and it is satisfied because of the relation 
(Ah, Ah„X,,) = 0. 

Hence, in counting the ninnbor of relations, we can ignore one of 
the n quantities A’', and we can fix another of them for all the. 
independent conditions ; thus we have 

•1 (r — 1) (91 — 2) 
as the number of conditions. 


’ v d.xi I ^ 


Ex. 2. (i) xyzu = C] 

(ii) xy + xz 4- xu -{-yz-^- yu + za = G ; 


(iii) 


y + z 


p. 326 


§ 163. Ex, 2. (i) As in the preceding example, we can take p. 330 
y^z = (i. When this is used, the equation becomes 
ydx 4- (y — a) dy 4- xd/y = 0, 
so that xy 4- i (y — <x)® = c, 

that is, \z^ 4- xy = c. 

(ii) We can take 5 — x — 0. When this is used, the equa- 
tion becomes ydx 4* xdy zdz-^^O, 

so that \z- -f xy = c. 

If we take z — x == a, we obtain similarly 
{x. 4- a) y 

that is, yz + ^stf^c. 


F. 
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(iii) It is easy to verify that 

ydx + zdy + xdz = dii -f vdw\ 

where v — z — x. If -v/r {u\ w^) = 0 is part of the integral e(jui valent; 
we must have 

^ dv! + ^ dw' = 0 
&ib 6%v 

equivalent to du' H- vdw' = 0, 

, V , . d^Jr d^Jr 

that IS, ^ — ^“7 = 0. 

ou ow 

p. 331 Eos. 3. (i) y - z = a, xz + = c ; 

(ii) yy ^ I3z^ A, axy + a'yz + hxz -- l{a! = 0, 

p 

where j3 = a^' — b, y — a — V] 

(iii) The equations for the determination of a and /3 are 

dx _ dy _ dz 
z X ”7* 

Let ZZ = ^ ■+ X y, = ^ + cox + co^y^ 31 — z h- ct>y, wliere 

0 )^'^ = 1 ; then we can take 

Change the variables to X, Y, Z; the new form of tlie e( [nation is 
(Z-^ + 2 YZ) oodX + + 2XZ) osHY+ (Z‘^ + 2Z F) dZ = 0 ; 

an integral equivalent is given by 

XZ-- = a, 1 + coZ^' + a)*-’P) + ^cd^XYZ = c. 

(iv) The equations for the determination of a and jS are 

dx d/y ^ dz 
y z ^ X ’ 

Choose the same variables as in the preceding example; then we 
can take, as before ZZ’^-^ = a, FZ"*^ = /3. The transformed equa- 
tion is 

(Z^ ^ YZ) coHX + (P ~ ZZ) <odY+ (Z'“‘ ^ Z F) dZ = 0 ; 

an integral equivalent is given by 

^ (Z^ -f 6) F^ -f- co^Z®) — ooaXYZ = c, ZZ"'*'" = a. 

p. 332 § 161 Ex. 2. The integrals are given in the solutions of § 152, 

Ex. 2, {q.v.). 1 
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§167. 

Ex, 2 . The corresponding form of fl is ' 


fl 

= {Xi ~ x.^ du 4 * dw, 

where 

u = 

! x^j w = X'lX^ 4“ 

Integrals are 


(i) 

X 2 “ a *4 = 

w = c ; 

(ii) 

1 

il 

0 

’?r = 6 * ; 

(iii) 

f(u, w) = 0 , 


Ex. 3. 

(i) Write 2 /., 

. 'JJiiy 'Ih, Vi = «'rx, £ 1 * 2 , x.^, x.i ; the equation in y 


is the same as tlie u(,inatioii in Ex. 1 and Ex. 2 . Consequently, the 
equation has integrals from Ex. 1 in the form 


!h - ‘IJi 0, 

/(„, w) = 0, 


■w = yoh + 2/32/4 = c ; 

2 / i ?/2 + 2 / 32/4 = c ; 

9/’ , s 9/’’ „ 


There are also the corresponding integrals from Ex. 2 . 


(ii) The equations for the determination of it and w are 

dx^ ^ dx. dau 

ixo 4- 2./r;j — + x.j) 2<'ri + 4.r;{ — (^ 0*4 + 2ot*o) 

One integral of these is 

-^‘i — = (■f' (a’o — ‘'^‘ 4 )' ; 

so we use this relation, where a is constant, to remove a\ from the 
equation which then is integrable. The integral is 

. 9 ’.; (.r.j + . 1 * 4 )“ -h \i.t {ii'x x.c)'^ = constant. 

Thus an integral e(|uivalc‘n.t of the original equation is 
(a-i - {x., - .^•4)"“ = a, {x^ + av,) = 6*. 

(iii) Let Xi = 7 / 4 , Xo = v/;., = «/o, a ;4 = ‘t/i ; the equation changes 
into the equation in the preceding example. 

The integral equivalent follows by making these changes of 
variables in the preceding integrals. 

Ex.i. (i) We have 

for r= 1 , 2, 3,, 4 ; hence ctwn-O, tor all combinations of m and n ; 

8--2 


p. 337 


p. 338 
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(ii) We have X,. — M ^ , 

so that Fs= 0, in the notation of the text, for 5= 1, 2, 3, 4 ; there, 
the four relations are proved to be equivalent to only three inde- 
pendent relations ; 

(iii) We have - if 4- , for r - 1, 2, 3, 4 ; thus 


du dM du dM 

du dM du dM 
doo.^ 9^*4 9.^’4 9 ,% ' 

and so for the others. Thus 


<^12 <^34 + « 13 < 3^42 + Clua.2S = 0 . 

Ex, 5. Let PdU QdW be another reduced form. Then 

P ^ + Q = X,, = Jlf -f W ^ , 

dXr dx.y OXr OX.^. 

for r = 1, 2, 3, 4 ; hence the Jacobian 

' U, W, 'll, w ' 


\Xj, X^2} ^4/ 


vanishes, and therefore there exists a relation 

F{U, W, u, w)^0, 
where F can be any functional form. 

The equation 

dF jj jr , dF , ... dF , dF , 

:r-yj , du "h d It 4" -5 — du 4* dw = 0 

du dW du dw 

is to be equivalent to O = 0. If one form of 12 = 0 is 


Mdu 4 - Ndw = 0 , 

obviously not involving IT and W, we clearly have 

1 1 dF 

M du ^ N dto' 

The most general integrals of X2 = 0, in the case when one 
reduced form is known, are the foregoing equations, together with 
U=^a,W =h, the function F being arbitrary^. 

* See Forsyth, Theory of Differential Equatio7Ls, Part i, §§ 09, 142. 
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CHAPTER VIII. |§ 168, 173, 174 

§168. Eoo.% (i) {lx + my-\-nz-A){l'x^-m!y + n'z-A)^0] p. 311 

(ii) + 2/" + 2'^- A) + 2/-) ) = 0 ; 

(iii) ((v-A)(y-A){s-A)=:^0; 

(iv) (fjo - Ay) (s - A) = 0, which (it will be noted) is inde- 
pendent of w. 

Ea;. 3. Take aa = 1, 6y3 = 1, C7 = 1 ; the required integral is 
+ .fL=i 

a + u ^ u 7 + (I ’ 
where tt is the paraineter of integration. 

[One value is n = 0, being the parameter of the ellipsoid ; other 
two values, quite general, are the parameters of the confocal hyper- 
boloid of one sheet and the confocal hyperboloid of two sheets.] 

Esc. 4. The equation is the differential equation of the lines of p. 342 
curvature on the surface wys = l. 

The integral to be associated with the given equation is 
(a*- 4- 6)7/- + 6)-^“)**i 4- (,7/“ 4- 6)-7/- 4- 6)^-)- = A. 

§ 173. Ex. 1. Take X. — Xi + e, and keep e small. Expanding p. 346 
in powers of e, the uioditied expression of the first two sets of 
terms in the equation in § 171 is 

{Aif,{Xi) + (Xi)} 

4- [do (Xi) 4“ e// (Xi)j 4- i?o [(pi (Xi) 4- epi (Xi)} (1 4- et)] ; 

consequently, the necessary conditions are 

(dj 4- d.o) fi 4- {El 4- B.>) pi i- e (do // 4- E. 2 pi) = 0, 

6 (d,/, 4- &(/>.) = 0, 

when e is made sufficiently small. Now take 

6d,,= d', 6/i., = F, d, + d, = d, + 
and then make e vanish. The result follows. 

Ex. 2. The terms in the expression for x are 

(do 4" d^i 4" . . . 4“ d 6^^^' cos 

4" {Ed 4" Eit 4“ ... 4“ 6^^ sin , 

with a corresponding ex|)ression. for the terms occurring in y. 

§ 174. Ex. 3. Take ;p = == ; the equation for a is p. 348 

(/7.-C-* — 

so that, taking 2fi sin ha = a, 

we have /3i = /3ii = 

Also ti and L are constants ; hence the result. 
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p, 349 Ex. 5. The solution is 

4- = A e ^' + i? e"^ (^+»hrcrh 

0) 4- m2'^ = A'e^ 4 . E'e-^ 

where nij and Wo are the roots of the quadratic 

7}i (a 4 - ma') = 5 + mb'. 

p. 350 Ex. 6. (i) X = (A cost-hB sin ^)] 

y = I A' cos sin t)) ’ 

where A' ^ A B, B' = — A B ] 

(ii) X — {A 4- jB ?5) 4- 4-, 4 - nV [ 

where A' ^ - A--B, B' = — B; 

(iii) X == A e'~'^ + B ^yp-e^ — 

y - A'e-^ 4- ' J ’ 

where = £' = 4^; 

(iv) X = e~^'^ {A -^-Bt) ••!- - '3 If 

where J.' = — J. — 5, i?' — — J?; 

(v) X = e'~^^ {A cos ^ 4- 5 sin t) 4- f 

y = (^' cos t-^ E sin t) — -f^e^ + Y^y| ’ 

where A' — — A -- By B' — A — B \ 

(vi) X = e^^{A cos at 4- B sin at)’\'e~~^^^{A' cos at + B' sinai)' 
y — e^^(Ai cos at 4- B^ sin at)-+e''^^^(Aj cos at 4- B/ s,inai5)J ' 

where Ai = — ^B, Bi = A^ = ^B', 71/ = — vh = a.\/2 ; 

(vii) x=4(A +Bt) + e-^ {A' 4- 71' t) - 23] 
y ^ 6^ (^Ai 4 " Bit) 4 " 6'^^' {Ai 4 * Bit) 4 “ 18 ] ’ 

where = ” i.B, ^/ = - I (71' + A'), 71/ = -- ^B'. 

p. 353 § 176. Ex. 2. (i) x = A t~- 4- J t, x 4- y == B4 ; 

(ii). xt = j 4 cos i 4" -B sin t ) 

yf ~C + 2{B oo^t- A sin t) 4 - 1 (.<:1 cos ^ 4- 71 sin t)] ‘ 

p. 354 Ex. 4. y — z = Ae"^^, y + '^z — Be^'^^. 

p. 355 Ex. 6. (a) t^{x+ y) = J. + -h If] . 

f {x + 2y) = 7? 4- -i^f 4- ;lf J ’ 

(yS) Let lx = x\ my — y, nz = t^ e''* ; the equations become 
the same equations as in the succeeding example {q.v). 



119 


CHAPTER VIII. §§ 176, 177 

(7) We have, at once, 

+ y- 4 - s- = a-j 

k: + nnj + ns = b{l^- + 4. 

•where a, and h arc arbitrary constants. Let h- = P + m"- + ; then 

{)iy - msf = {m- + «;) {y^ + «=) - {my + nsf 
= ('/«.“ + H-) {n- — Ir) - {kx — hi )- ; 
whence kx — hl = + n-) (a^ - sin (la + A), 

a third integral. 


§ 177. Ex. 2. (i) 

We have 


9;r dy^ds~^’ 

SO we take unity as a 

multiplier. One integral is 


xyz = a, 

where a is a consta,nt. 

Here /n = ay ; so another integral is 

J xy c 

dx — X (^y- - = constant. 

The (.luadraturo gives 


so another integral is 

2 .r-T/- 2 2 ^ ’ 


ai^ 4 y'' 4 = Ir. 


(ii) The eijuation for AI is 

^ ir - ^■) 3 ;,, - y (-’■ + ■>:■) J~ + 5 {x‘ + 7f) ~ + 2M {y- - Z^) = 0 . 
We can take M = i . 

One integral is = a, 

so that yjj = Ih’ocecding as in the text, the other integral is 
X- 4- ;?/- 4- -s- = h. 

(iii) W<,‘, can take M == 1. One integral is 
xy:=a; 

j^liYdz-2dy), 

X- 4 2 /" + (iJt^+y) js^b. 


K 360 


the other is 
and it gives 
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p. 363 


p. 364 


(iv) We have ilf= 1. One integral is 
z — X 


so that ^2 = 


y-x 


= CL 

y-x 

Thus another integral is derivable from 


Ky - + X-) dx - {y- + yz + z-) dy] 

by quadrature after substitution for 5. Effecting the quadrature 
and removing the a, we find 

(y - xf {x~ 4- + y-2^ 4- zx + xy) = constant. 

Other integrals are, obviously from symmetry, 

{z - xy (x^ + y^ + z" + yz-{- zx + xy) = constant, 

(y - zf (x^ + y^ + z- + yz + zx -h xy) = constant, 
so adding these, we have the symmetrical integral 
{x^ 4 y- + z-y — (yz -f zx + xy)- — h. 

Another integral, deducible from the first, is 
z + (oy co^x , 
z + d^y + 

Ex. 5. The first integral can be taken in the foim 




dx 


= y tan x + c cos x. 


Hence f(x, y, p) = a is 


¥. 


p y tan x 
cos X cos X 




so that ^ = sec : thus the multiplier integral is 

/ cos X [dy - {y tan x + c cos ,*) dx]=b. 
The other integi’al is given by 

^ {y cos x) = c cos'- X. 

The primitive is 

y = A (sin x + x sec a;) -P i? sec x. 
Ex.l. (i) x = Ad^ + B ^ 

y-z = Ae* I ; 

y + z = 2Ate^-2B+Ce*\ 

(ii) x = Ae^-^B 
y — z = Ae*' 

y + z = 2A^e^ + 4iABtd^ - 25“ -f Ge*] 
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(iii) (i: = Ae'' + B I 

1/ — s = Ae^- 1. 

\j + s= 2Ate^’ + 2B + Oe« - 2 (i - 1)J 

JEo!. 2. Comparing with the general example on p. 363, we have 
(^) = 2 log y, 

■SO that M == 'if. If the given first integral be written 

F=fM = a., 

we have = (/}./» +/*/! +/ 1 /-O U J 

and therefore the furtlier integral is 

r ydjf — ypdx 

J .U.U + ./ 1 .A 

(The following is due to Jacobi, Ges. We7dce, t. iv, p. 410.) 
We have Xi + Xo + X;. = 0, and therefore 

Xr’ (X, - X,) + X./ (X, ~ Xi) + X,^ (Xi - X,) = 0. 

Now d (J\ -/>) = (\ - X,) (dy - X,div\ 

and so for the others ; hence 


d (/i -./i) + ^i./i d (./; -./•;) + X,/, d if, ~/i) = A {ydy - ypdx), 
where A = (X^ — X.j) (X. ~ X^) (X:^ - Xj). 

Putting X;{ = — Xi — Xo, the coefficient of + X^ on the left-hand side is 

-d(J\fd'^{J\+f,)df^ 

= (./l/i +Afil 

and similarly tln‘ coefficient of Xo is 
Ji 

ydy-ypdx _ if-: df, 

'J -J- 

Consequently the otlier integral is 

Ex. Let the eejuation F= 0 be resolved so as to give 
y'"= cl> {x, y, y'). 


hence 
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CHAPTER VIII. §§ 177, 178 
so that, with the notation of § 177, we can take 

= ^2 = 2 /, = ^4 = 2 /^ 

A-j—l, ^2 ~ ^3 j ^3 ~ ^4, -A .4 = 

where <l> does not involve £ 04 . Thus 

da^j dwo dojs dii'4 ’ 
and we can take 31—1, 

The result follows from (II) on p. 365 ; a third integral is 
■ dy — ydx 


given by 




\y'> y") 


= 7. 


dx 

178. Ex. We have ^ V that, writing 


we have 


Again, 


x = T cos 6, y — r sin 6, 
^ dt 

\dt} \dt) r a ’ 


where a is a constant ; that is, 


Thus, if = 1/?', 

and therefore 
so that 
Finally, 


dr 

dt 

fdu 


d0Y 


dt 


+ rM^) =2^- 


r a 


iw) + 


dho 


.£ 

7r’ 


^ = A cos 9 sin 6 . 




d£ 

h 


de 


'A /ya 


I + A cos 6 B sin 6 

and while x = rcos9, y — r sin 9^ the necessary four arbitrary 
constants are A, B, C, h. 

The equations are, of course, those of the motion in one plane 
of a mass under a central force varying inversely as the square of 
the distance. 
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Miscellaneous Examples at end of Chapter VIII. 


tal^e 

dt 


Ex. 1. Following the method at the beginning of the chapter, 


P, p. 370 


= (?y?, - a cos = (/M - cos <9+<^> = 2?./, d-(p = 2v. 

Then 


so that 


Fence 


rf“(9 , . . d-6 . . , 

d“(f: . . drv , 

= A n sin n. cos — =r sin t; cos h, 


d.t- 


dt- 

dll- d‘V . 

dll . . dv . 

1 sin V, -Y 7 — B sin u. 
dt 


dt 


where jLB— ln; and 


We also have 


B cos f( ~ A cos V = C. 


duY fd-vV 
dt 


+ = m — •|? 2 . (cos 6 + cos 0) 

= VI — n cos u cos V, 

that is, A- sin- v + B- sin- ii = 7a — -n cos 7^ cos v. 

Also ( B cos u — A. cos v)- = G - ; 

so, adding the last two equations, we have 
77^+(7- = F^ + .«-. 


Take 

then wc; have 


7:1.=- 


I 


F = c 


} 

nV 


(B cos ii — F cos ?;)“ = la — 7a, 

from which the result follows. 


[Note. The method adopted in the next few examples is a 
very special form of the method known in higher analysis in 
connection with Abel’s Theorem.] 

Ex. 2. Let y- = (X — x-) (I — h-(xE) = 7 , y = 1 ttx hx-. 

There jire four roots of th(‘se simultaneous equations, one of them 
obviously zero which can lie neglected. We have 

2ydy = Tdx^ = — (a + 2d)x) dx — xda - xrdh, 
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where the variations dx for each of the roots are governed by the 
variations of a and 6; and conversely. Thus 
dx __ dy __ xda + xrdh 

Let <1> = y (1 — — hx^y^ 

= [{¥— ¥) x^- 2abx-- (l + k- + or— 26) x + 2a} = xG(x) = 0. 

The roots are x~0, which will be neglected, and x^, x,., which 
are functions of the parametric quantities a and 6. Then, for 
these parametric roots, 

^;^=T' + 2(a + 2bx)y 


dx 


= X ^ + the vanishing G. 


Consequently 


dx dy 

J~W 


da + xdh 


where x is one of the roots of (? = 0. 
Now we have 


1 dG 

2 dx 


P- dx 

Jo Jo Jo y 



Consider ^ which is equal to 


G{x) 


^ .4 -f- ]3x.^^ 1 


X — Xr 


\dxJx = a:,. 

equating coefficients of x^^ in a descending expansion in powers 
of X on both sides, we have 

-4. ~j“ J^x.j* ^ 

^ TV/'r . == 0. 


(<^1] 
\dxjx=za\. 


Thus 


rxi rjc. fi 

+ + 

JO Jo Jo 


dx 


:A, 


where ^ is a constant independent of a, 6. Let Xi = 0, 

Xq = 0, ^3 = 0 ; then a = 0, 6 = 0; and so 

F (x^) +F{x 2) + F(x;i) = 0 , 

provided Xo, x.^ are the roots of G (^x) = 0, whicli involves only 
two parameters. 
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There is, consequently, a single relation connecting the three 
roots of 

(k- — 6“) — 2 ahx- — (1 + k- + — 26 ) x + 2a = 0. 

It is easy to prove that 

(1 -af)(l (1 -.-or) 

X~'W-W 

0 , 2 - (1 - hy- 


= 1 — Sa'i- + Sxi^X.? ~ xyx.yx-f = — 


2 ~ S./j- -f = 2 ■ 




consequently the relation between ./'i, is as stated in the text. 


Ex. 3 . With the notation of the preceding example, and using 
the analysis, we have 

clB=-~^^‘^dx, 

y 

1 7 7 7 '^'db + k-x-dci + h“(jd’^dh 

so that dE = 2 771 . 

dir 

dx 


We take the same relathm between x,., x.^ as the preceding 
example. 

- , ^ 1 //-”* -l~ Hx“ 4 “ Ox E Y M 

Now, let — /r/ x =i + — h... 

(r{X) X 


in descending powers of also 

A .r'‘ + Bx- + Ox ’hi) _ A Or 

(} {x) /u- — 6“ ^ x-- Xr * 

Consequently, we may tjrke 

— da ~ .xdh +■ k'x-da H- l^aThlb _ [ k^da ^ k^2abdb)^ 

67r 

dx 


and therefore 


E{x,) + E (x.^ + E{x,)^Ic^ 





Sinaultaneous values, as in the last example, give a = 0 when 
Xj, x^, x^i are zero ; so A' = 0, and therefore the right-hand side is 

/^2 ^ that is, — k-XxX^^x,^. 

/r “ 6- 



126 


CHAPTER VIII. MISCELLANEOUS EXAMPLES 


Ecc. 4. In connection with the equation = 1, take 

y ax + /3 = 0, 

where a and /5 are parametric quantities ; thus there are three 
simultaneous roots, say (^*1, yi), (xo, y^), fe, y^), and we have 


^1, yi, 1 1=0. 
^*2) 2/2? 1 

^*3) yii> I 


Again, we have 

F (x) = (x- - 1) - (ax + /3)® = (1 ~ a^) (x - x^) (x - Xo) (x ~ x,). 
dx _ — dy _ — xda — xda -h 
y" (xf ay- - X- TdF 

o "dx 


and so, as in Ex. 2, 



y2 


dX;> 


y" 


0 . 


As to the geometrical interpretation, aj^ 4* ?/'* = 1 gives a cubic 
curve. The equation y + ax^ ^ = 0 gives a straight line; the 
common roots are the three intersections of the cubic line; and 
the differential equation is the expression of the small simultaneous 
variations of the points of intersection, due to small clianges in the 
position of the line. The integral is the permanent eciuation which 
must be satisfied by the points of intersection, whatever be the 
position of the line. 
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Ex. 5. The first equation is a special case of the 
& = 1, 1 = 0, m = 0, n = 1 ; 

and the second is a special case of the third by taki 
/c = 4}, 1 = 0, m = ~ /, n = J, 


third by taking 


But, to make the integrals agree, we have to mak(‘ the changes 
x’ y y’ 

in the integral of the third equation. 

(A) As regards the first equation, we take 
y^-a?=l, 2/ + aa; + ^ = 0; 
we proceed as in the preceding example 4, and we have 


dx-i ^ dx^ 


dx; 
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where ^ 1 , 

1 ar^ = - (^oLx + /3y\ 

that is, of (1 + •^”* + 3a-/3a;- + Safi-x 4- 1 + /3‘’ = 0. 

Thus 

(1 + ^vO (1 + ‘^‘Z') 0 + + /3) (ax. + (3) (a,%, + /3)}=\ 

It is easy to verify that 

{axi + /3) (ax. + /3) (ax,^ + yS) = - (1 + Xj^XnX,;), 
by using the fonniihB for synmietric functions; hence the 
result. 

(B) The proct^ss is ])recisely the same as for (A). We take 
7/*' = 4.7,*' — lx + J, 
y 4- ax 4- /3 = 0, 

which have thrca^ roots Xi, x., x. in common, given by 

4.r‘’ — Ix 4- J = ~~ (ax + 

, , dxi (7.7 (7r.. ^ 

As beiorc^, we have .y 4 4- ~ — 0, 

for the three I’oots. Also 

‘!/i!h'!h = ~ + /®) + /3) 4- /?), 

which can bt‘. ex|)resstMl in the given form; hence the result. 


(C) We proetanl similarly for this equation, tciking 

f^(k, /, m, in 

7/ 4- ax 4- y3 = 0, 

so that then‘ ar(‘ thr(‘(7 roots. As bchore, 

dxi dx. d.r-i 

4 .r 4 - = v), 

//r W !hf 

for those three roots; also 

• hHiU - - ~ (“•*■'1 + + / 3 ). 


which can be (^x|jreMseil in the givcai form, after changing x, y, z 
111 

into J-, y without changing the (Miuation; hence the result. 

jj y 


Note. In the case of each equation, is taken as a constant; 
so that, then, and x. arc quantities varying solely with one 
another. 
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Ex. 6. Let 

X = X (1 — x) (1 — fcx) (1 — \x) (1 — fix) ] 
and consider the equations 

y- = X, y = a -\~ hx + cx-, 

where a, 6, c are parametric. Let Xj, x., x., a\ /S' be the roots of 

X = (a + 6^ + cx -)^ ; 

and write 

E (x) = (x- Xj) (x — Xo) {x — P (x) = (x — a') (x — yS'). 

We have ^ (x) = /cXfiF (x) P 

2ydy = X'dx, dy==^(b + 2cx) dx + da + xdb + x-dc ; 

_ „ - dx dy da + xdb + x-dc 

and therefore ^ — ~J~X^ ~ * 

Now = 2 -- , 

where the sum extends over the five roots of <I> (x) = 0 represented 
in turn by As is of degree five, we liuve 

y Iq + ^ Q 

Consequently, we have 

dx ^ xdx 

2^ — — vJ 2Li — U, 

y y 

where the summation extends over the five roots. Now take a 
and yS constant ; we have 

Xi”"^ dx^ 4 dx., 4 Xp^-^ dx^^ = 0, 

Xi Xi“‘^' dx-^ + x,^XP^^ dx^2 4 cfcj = 0, 

as a pair of simultaneous equations. 

We can obtain an integral equivalent as follows. Wo have 
a 4 4 cx^ _ ^ a + hxi -f cXi- 1 

F {x) ^ P' (a‘i) X — 

xk 

= V 

F (Xi) X — Xj 

Again, writing 11 (x) = (l^ kx)(1 — \x)(1 — fix), we have 
{a 4 6^ 4 cxj = xXfiF (x) P (x), 

so that, putting = 0, we have 

= K\jLuXiX^x-^a' 
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and putting x = 1, w(‘ hiive 

(a + 6 + c)- = - /c'V “ ‘^i) (1 - ‘^0 (1 “ (1 “ ol') (1 - isy 

We have proved that 

((. + bx + &<■■- = F (.t) 1 - . 

JO {Xi) X — x\ 


Therefore, for x = 0, 

(L = .r,.r.,.r 


, V 1 “ 1 

,ri’ 


whence, by tlu^ former e(|ua.tion foi- a-, we have 

V ,A 

x,F'{x^) {x^x.x^^ 

where A is a. constant. Also, for x = 1, 

„L._. 

' F'lx,) l-xF 
whence, by the formta* tMjuation for a + h -f-c, we have 


a +b + c = {l — Xi) (1 ~ x.) (1 — ^t;,) ] 




B 


.*11 

(1 - .r.) F' (.r,) “ {( 1 - .r,) (1 - «■,) (1 - ’ 

where B is a constant. Ta,king a and arbitrarily, we have two 
independent constants and B. 

Let a'l, Xo, x.i= sin-^, sin“<^, sin-%; the results follow. 

For the last part of tin* (puestion, 

_ 1 sin 2^Aa ~ sin 2aA/3 

sin a sin /i’ 2 sin a sin /3 (sin- a— sin- /i^)’ 


Ex. 7. (i) - - = .-1 •' 

a c 


Irt I) j 

(ii) 

(iii ) x-ij + yz + z.r — .1 (;*; -I- y + z). 

Ex. 8. Li.‘t r — z"]>i, Q = s'"(ji,, R = z’'Tj. Then 


dP 




„n- , ^P> FP _ _ apA 

- dv' a^-- ^ dv '’do)' 


dx hi ’ djj 

and so for thcj otlun-s. The condition of integrability becomes 
/ d<h hh 3rA , /dr, . mh , , /djo, dq^ . 

f- Xi- ‘ £ -£)* U + “ te + ' iJ + - i) - 

The transfonned CMpiation is 

pisdii + (jizdv + {'lip I + vqi + n) = 0; 

p. 9 


p. 372 
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and the transformed condition of integrability is easily proved to 
be the condition of integrability of the new equation, which 
accordingly is to be integrated. 

If the coefficient of dz is zero, the equation is 

]p^dii + qidv = 0. 

If the coefHcient of dz is not zero, the equation is 

p^dii -h ^ = 0 

upi + vq^ + o\ z 

and the first fraction is an exact differential. 

For the particular equation, we have 

(?P- — -y- + 1) dll = dv. 


Let V = u + t, so that 
and therefore 


dt 

du 


‘^tit p ■= 0, 



Ex. 9. (i) Let u— I xyzdv\ 

J 0 

then iax- = (b — c) (a — A), 

tbf = {c- a) {ti - B\ 
loz- = (a — h) (u ~ C ) ; 


and so 
dll 


dv abc 

expressing u as an elliptic function of v, the final constant of 
integration being determined by the condition that u = 0 when 
z; = 0. 

(ii) See § 177, Ex. 2, (iv). One integral is 

z — rv 
= A. 

y - 

Let P = -h 2 /^ + Q xy yz zx ; then 

^ = 2(^- + y+^)Q = 2Q (/>■>+ 2(2)^, 


8 (6 — c) (c — a) (a — &)] 


{(« - A) (u- B) {a - 


dQ 


= 2( 


- J (* + y + ^) p = 2P (P“ + 2m 

and therefore (as in the solution, p. 120, ante) 

P“-C“=P“. 



CltAPTER MISCELLANEOUS EXAMPLES 


131 


For a third integral, we take Q = (P**^ - ; and so 

/(P^ + 2 {P- dP, 
where, after (|uadratvire, .'r- + y“ + ^“ is to be substituted for P. 
A simpler form of integral arises hy taking P = Pcoshzc and 
regarding u as thc^ new variable. 

Ea;. 10. Let co — v.r = i/ -\-iz = rj. Multiply the second equa- 
tion by i and add to the first ; we have 

^ = 0. 

Multiply the fourth eipiation by i and add to the third; then 

- ia^ V = 0 , 


that is, 

Consequently 






and therefore 


'la 7 } ; 


in 4- (u“ ~ -f 6“)> 77 = 0. Let 


a = -!y N. + {6- -f (o. — .V /i )“ • = pn — (6- -f (u ~ “ 5 

then 7; = AeP‘ + ; 

and thercd'ore = /I / (a — a) + Bi {/3 — o,) 

Let A = -di H-vbi.j, />*= />h 4- v7L, taking ^'L, Pi, to be i-eal. 
Equating real a,nd imaginary parts, we have 

bco = (a — i 1 ti cos fSt — A 1 sin /r7)4~(/3 — u)(— P.^cos 0£^ + Pj sin aC, 
Ai? = (a — (?/)(— A I cos /3i5 4“ /Ljsin /^C + (/3-" a)(— Pb sinait 4- Pi cos aC, 
y = A I cos at — .1 ^ si n 4- Pi c< >s — /L sin ^t, 

2 = A. cos at -h 1 sin at 4- P- cos jSt + P, sin jSt 
Ex, 11. Wi-ite n^ 4- v-q =.7;, arj — v^= y, 
so that, when x and ;// a, re known, 

//, =: 4 - yt], V = X7} - y^. 

Multiply the first cMiuation by the second by rj, a.nd add ; then 


9—2 
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p. 373 


that is, 


d'^o) ^ dy 


• {or + 2/r) X — 0. 


Multiply the first equation by ??, the second by and subtract ; 
then 

. v^) = 0, 




that is. 
Let 


(Py 


dx 


l-2aj + in^-a;^y = 0. 

KAIU Hi 

X = {^??2 _ ^2 _j_ _ 8a^)-}-, 

yt6 = — 8a“)'^j - ; 

then x = A cosh \t + B sinh \t + C cosh (jut-^ D sinh jjit, 

y — J.' cosh \t 4- B' sinh Xt 4- G' cosh jxt + D' sinh fxt, 

where (X- — a‘^ — — 2aXi?', 

(X^ — — 2/1^) i? = ~ 2aX^^, 

{fx^ — ~ 2»“) (7 == — 2afxD\ 

{lx^-a^--2n^)I) = ^2a/xG'. 

Ex. 12. Let y + iz= tj. Multiply the second equation by i, and 
add to the first ; then 


d‘^'r] 

dx-^ 


d^r) 

dx^ 


dx^ 


4- id - 7 —I + h — 4- C't] — 0. 


Denote the four roots of 

+ iam^ -h hin- 4-0 = 0 

byoti + ^/Si, ofa + ^'A, + ^ 44 ^/ 34 ; then 

4 

y j^iz— 2 {Af 4* iB^) [cos (.r/3.>.) 4 i sin (.'r/3r)) , 

r=l 

where a,-, A*? Ar, Br are supposed real. 

Equate real and imaginary parts ; then 
4 ^ 

y= 'Z e«.-* {A,, cos — S,. sin («;yS,.)), 

r=l 

t 

5 : = 2 e^r^{Ar sin (x^.^.) + B^ cos (x/3.i)]. 

?•=! 

Ex. 13. For any line on the sphere, we have 
xdx 4- ydy 4- zdz = 0 ; 
hence, for the given system, we have 

2m dx --ydy == 0, 

that is, y-=-4>mx + A, 

proving the fiirst part. 
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The equation of the projection on the plane of yz is 
(?/- — A)- — Wvi- (r- — — Z-). 

Ex, 14. To apply tl\e method quoted, so as to obtain the 
result, we take 

)’[(1 + 2m.) ivdx + zdz] = function of y, 

say, ( ^ 4“ (;?y), 

and then, as /x = 1 , we havi^ 

2//(l^.T) = ^fO/). 

The preceding result arises by taking 

» d(ij dx 

Ex, 15. Multiply tht‘ equations by respectively, 

add, and integnite ; then 

fd'Xi^ _ / dx.,i\ 


le eq 

(m = 1, 7?), 


Again, if ?•- denoti‘s /rp -f- ... + the equations are 
d^Xm dE 

dr r ’ 


so that we can tak(‘ 

for every combination of two integers. Now 



and thercfon‘ 12 ^ 4--cl) — 

that is, — 3^0 — /{?*“ 4- A) — rdr, 

being the relation between t and r. From this relation we have 

dR ^ IP 

^ dP ^ dr r 

1 

Now take dd == Bdt. We have 

d fxA\ _ _ x^ 

d$ \ r ) B dt B dt ^ 
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and therefore 

d" Jr* d^iiCjiji^^ d^T j 

^.2 

d6^\r) \b dt^ B dt^^\ 

^ B 







hence 

^hn. = T cos 6 + sin 6). 


Among the constants, we have 

from the relation 2a',,f = r'^. These provide 2/;, — 3 ai'bitrary 
constants; together with U, A, B, they therefore provide the 
necessary 2?) constants. 

Ex. 16. Denoting differentiations with respect to x, ij, s by 
suflSxes 1, 2, 3 respectively, we have 

f = Ej + &) D] + , 

oyj" — 4 " 4 " co“Z.^, 

= Aa 4~ CO h ;j 4" CO^A;{ , 

so that Ai = F, = Aal 

Y, = Z, = x\. 

Z, = X,= V..] 

Hence A dx 4- Zdy 4- Ydz = dP | 

Zdx 4- Ydy +Xdz= dQ |- . 

Ydx +Xdy + Zdz — dM j 

For the second part, the direction-cosines of the normal to 
P are 

A/P, Z/T, YjT, 

where P2 = A=4- F=4- those of the normal to Q are 

A/P, F/P, XjT, 
and those of the normal to R are 

F/P, A/P A/P. 

The cosine of the angle of intei'section is 
^(FA-pAA-d-AF) 
in each case ; hence the result. 
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§ 184. It' iw it- spt'cial case ef the complete integral as p. 384 

given, by taking 

ii^ 4- =2 s(ai Of, (tr — ., = 2 tan a, 6 = 0. 

0“ 

j?./*. 4. It is a g(‘n(‘ra,l intcygral of the equation. The latter 
arises by taking h - ir {(/.), with 

-f' (a) + log (.!■/;(/) = 0, 

so that a is an a,rbitrary function (,»f y/,r. Thus 


that is, 

Kr. 
Er. 6. 

Er. 7. 



It is a singular integral. 

It is a special integral. 

Tlie. values ef from the two integrals, and the 
f).r 


1 « 

values of ^ iroin th(' two intiegrals, are equal to one another by 
dif 

the single equation 

b (./•“ 4 * 2b', vj- = y- ,r’K 

The e(|uality of the two values of 5 gives 

(A — (// + = 0. 

Thus b is a variabh^ function of ,r and y; and a is a tunction of h. 

Hence the si^cond integral is a particular forna of the general 
integral derivial from the first. 

And the algcd)raical relations establish the converse. 


§193. Kr. 8. (i) 


8a‘ " 




(ii) 


:ry = <j> 



p. 402 
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p.403 


p. 405 


p. 409 


(iv) ^ 4- (.'?■“ + 4- (p 

fx — a' 


(i) 


(v) 


y-h-^ 


y- 


(vi) (rYz = (j>[~^y, 


(vii) 


sm ^ 
sin y 


< 


T 
/sin aA _ 
sin yj ’’ 


(viii) 


2.'?? - 2;i/ + z 


( 2x-2y + z 1 . 
■‘P|(a-'+2y h-2A‘J ’ 


{2x -h 2/ — 2zy 

(ix) ^ 4* ^3 = {^‘i - <^‘ 2 ), (<^‘2 - 

&. 5. With the notation of Ex. 4 in the text, we have 
-1 1 ,1, 

Cl — — XjS'\ C .2 = — .'^2.?^, 63 = — 

when 5 = 0, and s — x\ 4- ^*2 4- •'^‘ 3 ; then 

4 

Cl 4- C 2 + Cs = - S’% 

and as a’d + a;./ 4- x/ = 1 when 5 = 0, 

Ci*^ + Ca^ 4- ox = — 5. 

Thus (Ci® + Co^ 4- c^^y = s‘^=-(Ci + Co + c^)", 

so that the result follows at once. 


*•■ 6 . (i) 
(ii) 


(iii) 


• Y = (■•r.- - .Y 





-S’./’. 9. The general integral is 

(1 - z-)i («? + y- + z^- 1)^' = (.r'- + 3--l)^{s)- xy. 

The equation a? + y^ + z^-l=0 gives an integi-al of the differential 
equation ; but there is no form of j> which provides this integral, 
which accordingly is a special integral. 

(The example is due to Goursat, 1. c., p. 399 (note) in the text.) 


§ 196. JSx. 3. (i) z = ax + (in^ — «/-)" y + h; there is no singular 
integi’al; the general integral is derived hy as.sociation with the 
equations 

^ =/ (®). 0 = a; — a (m^ — “ y +/' (a) ; 

/ y 

(ii) z = e^ (f> (x - y) ; there is no singular integral ; 



GHAPTEB IX. §§ 196 , 198 , 200 137 


(iii) 2^^' == (log <^0 ^ y) OL + h; a singular integral 

is given by 5 == 0 ; ^ 

(iv) Substitute C(>s-.r(ir, ci?? = sin-?/dy, dl^—z 

the equation bocouies =1. 

of which the complete integral is 

f = u| q- af7] + 6, 

where = 1 ; 

(v) 2 = Uif q- (dy q- 

where ar + u/-= naxt ; 

(vi) 5 = U/i.r’i q- (Ux'o q- q- a, 
where a^+w./'^ + «/' = !; 

(vii) 25^'^ — Oi.v'i" q- Uu./v’ q- ef;{.7’;{“ q- o, 

where chct^xh = 1^ 


§198. ii^r. 2. 

(i) (1 q- q- [log + (1 + <(rz^)^] = q- ct-i/ + h ; 

(ii) log S' = (( log 2/ "h (^' “■ <r q- 6 ; 

(iii) 4 ( A s — (I A — 1 ) = (.r q- A y q- By ; 

(iv) / ((/-s- q- /^s q- ah)- dz = ./’i q- (/./*._, q- 6,r;. + o ; 


(v) 


ahz'kl. 

a^z“ -h h“z q- 1 


= q- bx\i q* an'» q- 0. 


p. 412 


§ 200. Ea\ 2. p. 414 

(i) S“ — u. = .r (.r- + Ir)- + h log j.'r q- (.r- q- ¥)-} ^ 

+ y ill' - '‘'g {y + (y"- ; 

(ii) z-a = by - 1 .r'- ± [i .>• (.'“ + 46)'^ + b log {,r (a^ + 46)'^}] ; 

(iii) 1 /s — (( = h’v' + 2by- ; 

( i\') s - (t = i (2./' - bf + b-y ; 

(v) s - a = (./■“ + /i'-)“ + log {.'»? + (»'" + h-)^} - i ^ + log y- 

3. To solve the equation, we take 

fi (pi . ^’i) = <h> /a (Pi> ®a) = O'.j- /a iP'i’ = ®a, 
where the three constants ai, a^, Ch satisfy aj + a» + as = 0. (For a 
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justification, we can use the Jacobian method of 221-227) 
Then resolve for p.,, ; and substitute in 

dz = jpidvr'i + podiV.^ + 

For the particular example, we have 

2 -a = ^ >; (.V + i log {./■,. + (.r;- + a,.)-!, 

?'=1 r-1 ' 

with the relation + ag + Ug = 0. 


§ 201 . Ea:. 1. (i) Complete integral is = ax + hi/ + ah ; singular 
integral, + xy = 0 ; 

(ii) Complete integral iss = ax -)■ hi/ + (1+ + 6=)i ; singular 

integral, + ^^=1 ; 

(iii) Complete integral is s == ax ■i’ /jy + (acf + + y)i ; 

singular integral, x^/a + y-/j3 + s'/y = 1 ; 

(iv) Complete integral is z ^ ax + hy + ; singular 

integral, = 1. 

Ex, 2. (i) Complete integral is 


z — aiXi + a^x.2 -f a^fXif + / (ai, a.j, an). 

There is a singular integral ; it is obtained by eliminating a,, a., < 
between this equation and 


dai ‘ da.j 

(ii) Complete integral is 


da.. 


z — '1 a^Xft + (n + l)(aja.i ... a,iy'+~‘ : 


H = l 


singular integral, zx^ais . . . = (— l )» 


§ 202. Ex. 2 . (i) Applying the (contact) transformation, we have 
XZP + YZQ=.JY. 

The general integral of this equation is 


Z-^-XY=f{L 

so the integral of the given equation is obtained by eliminating 
X, \ y Z between this equation and 

zZ-^ Z^-XY = 0- 

(ii) ^ + H-»“ + y®=ir/0; 
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(iii) The complete integral is 
^ i 1 . 

az = (1 — ;r“ COS « — ;//“ sin cCf ; 

iiv') Apply the transformation ; then 

(Z“P + 

of which the general integral is 

\Z (4 - vll' - 3 f I - - « log i =/ 


then use the relations in § 202. 



Ex. 3. (i) The ('quation becomes 

P/; (- ir. X, F) + Q/. (- F, z, F) =/; (- f, z. F), 

which has Lagrange’s linear form; 

(ii) The equation becomes 

P(-ZP. Q) = 0, 

which is the standard form discussed in § 198. 


Ex. 4. Taking Z=z-px, X =-p, Y=y, we have p. 417 

dZ = qdy — xdp, 

so that P = — ,'a, Q = q', 

and the transformed e(iuation is 

- P/; (F, Z, J?) + Q/,{Y, X, Z) =/:,(Y, X, Z), 
which has Lagrange’s linear form. 

The complete integral of the particular equation is 

1 . is.. l+«' t 

- (1 + ax-)-= -i- A. 

2 ^ y-b 

Ex. 5. The equation .should be 

{3 - px - (/;(/)- = l+p°+ if. 

The contact transformation gives F“= 1 + Z^^l- 7“; and the only 
integral thence dedueiblc by the method of § 202 is 

,*■- + ;(/■- +«- = !, 
being the singular inti^gral. 

The equation as given c!an lie transformed by the relations 
Z=^ 2 -(jy, Z = .r, F=y, P = -p, Q = y, 
and becomes { E + J? / = 1 4- P^ + 1 

that is, Z- 4- 2ZP = 1 + 1 

of which the general integral is 

Z + log(l+F=‘-F») = <^(F). 


Then use the method of § 202. 
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419 § 204. Eso. 2. The most general integral is 

y- h ^ 

Z'-C \z - Cj 

which is the equation of a family of cones having a, h, c for their 
common vertex. 

To determine the particular cone, the equation 
y-6 Joc-d 




must be the same as co^ + — thus the relation 

{l-x^f=h-cf 

must be an identity. Take x — a- ct; then 


and so the cone is 


y-h ^flx-a 

Z — G Z — G, 


b — \l — {a — G 


X'-ay 


r — 6’ 




which on rationalisation becomes 

(az — cxy + (bz — cyY = — c)\ 

Ex, 3. The most general integral is 

lx + my 4- nz = /(i?/ 4- y- + z“). 

The equation of the section by the plane of xy is 

(*-•’)*■+ s’ - (I- W+S)’ 

and the required equation is 

(lx 4- my -hnz-iy = (P 4- (oP + if 4- z% 
manifestly the equation of a spheroid. 

426 § 208. Ex. 2. (i) One integral of the subsidiary equations is 

— 2px = a?. 

The primitive is 

^ — b= ^ (x^ + 2/0 + + (^^ 4 - 

+ \y (y2 - a- - 1)’^ - 1 (tp 4-1) log [y + (y^ ~ a® - 1)^}. 
When taken in the form 

(p^ ~ 2px) 4- (q^ - 2qy + 1) = 0, 
the equation belongs to the Standard Form of § 200 . 
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(ii) One integral of the subsidiary equations is 
,'c + y +p + q = a. 

The primitive is 

2z-h==it {x + y) — a- — y- + 1 {x - y) {a“ + 2 (a? - 

+ 2^2 - 2/) + V2 {a= + 2 (a; - 2/)=}*]. 

Use the substitutions 

Z-z + ^(x^ + y% = x + y:=: Y^/2\ 

the equation becomes P-~ 2A''% and belongs to the Standard 

Form of § 200. 

§213. Mix-. 3. As the equation is p, 429 

z='px+qy+f{p, q), 

the subsidiary equations are 

dp^dq_ 

"0 ”0 ^ 

Two integrals are p = a, q = b, each consistent with the original 
equation, and also consistent \vith one another (§ 208). Elimi- 
nating p and q, we have 

= ax + by + f (a, b). 

Ex. 4. The subsidiary equations are 
dp _ dq _ 

p ~ q ^ ' 

so we can take p = ag as an integral. Using this, we have 
q{(ix + y) = ff(a, 1), 


so that 
Then 


_ ax + y [ 


n-l 


n-l 


/{a, 1 ) 

z — h _ — 1 j qjg + y ' 

f{a,l)~ u t/(a, l)j 
For the second equation, the subsidiary equations are 
dp _ dq _ 

111 

so we can take = as an integral. Hence 

p q a 


and so 


P = a - {1 + (1 - ? = -« + -{! - (1- 


z = aix-y) - alog^-2a{l- xy)^ - a log 
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p. 437 


p. 449 


§ 219. Ex. Proceeding as in § 217, we form the equations 

dFr dpn 


dF,. , dFr , dFr dp, 

dx, dz dp, dx, ' 

^ jT 1 Ci- -75., ' ■ 


.+ 




0, 


0^1 

9pi 


dz dpi d.Xi 


dpn da\ ’ 


eliminating ^ , we have 


Fr, f; 
Similarly 

rp2j 


+pi 




L Pi 

Fr, F, 

' iPi>P: 


Pa.PiJ 
Fr, F, 


dp« 

dx. 


+ . + 


dx., ■ 


+ 


Z'-- 

.Pn j _ 

Pn, P; 


^Fji . 

dx, 

dpn 

dx . ' 


^0. 


:0; 


and so on. Adding, we have (as a necessary condition) 


\Fr, F,] 


z,p 


= 0 , 


'Fr,JV 
i x,p _ 

for all combinations of indices r,s = l, 2, ..., n. 

The proof, that the conditions make 

dz=p,dx, + ... ^p^dx,, 
an exact differential, follows as in § 218. 

§ 228. Ex. 3. For the three equati(ms, we use the notation of 
Ex. 1, p. 448, and write 

for r = 1, 2, 3, 4. 


dXr~-^’’ 


(i) The equation becomes 

Subsidiary equations are 

^^dP.^dP,_ 

0 "6 

so we can take P,=cti, P^=a,, P, = a„ 
which are consistent with the equation and with one another. Then 
^iPl ~ P + ^2°)^ = .dl. 

Finally, ilr + B = ckx, + ou^x^ + + A log x^, 

that is, A log 5 = P — aiX, - a^^x^ - a^x.^, 

where no loss of generality arises by taking A = 1. Thus the 

arbitrary constants B, a,, a^, Oj, are subject to the one relation 

M+(ias" + a>“ + a2')^ = l. 
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(ii) The complete integral is given by 

ai^'j + fl'sa’t! + + M:t log ^ + j {“«“ + («i + a-^- 2 } “ = B. 

(iii) The eompletc integral is ■ 

log s = + O'A + B, 

0 (cfi — l)(fi2“ l)(«'s — l) = «irt.ia;,. 


Ex. 5. (i) ^ + OoiTa + + B, 

i'l'l 

wh6r6 ~ (f'Ci’f ; 

(ii) The subsidiary tMjuatioiis arc 

so two integrals are 

1 1 ^ 1 1 1 ^ 1 

p. 2h ’ Ih pi ' 

which are consistent witli the original equation and also with one 
another. Thus 

(to + ^ Ch + Pi ’ 

sottot 

Thuy d{s — pt.f,) = - ^ 

<h<hVi _ 

" (<^2 + yh)0^:^+K) '' U + ^ 

and therefore the com).)lete intiigral is given by 
0 = cb = _ ^ + ,1 + ih.r, + log (a, + pO 

U.js + 2?i U';{ + ”” ^^2 

+ --'-log(ffs+^;i), 

Pi being defined in termH of Xi by the foregoing equation. 

The complete integral cun also be expressed in the form 

A A 3<I> 

$ = 0 , 5 = 0 . 

dpi 
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(iii) Integrals of the subsidiary equations are 
(>i + + Pzf ~ 2 (^-1 + a*o + 

(^2 ““ Piy ~~ \ ip^% ^’l)" ~ ^^'3) 

which are consistent with the original equation and with one 
another, as required by the general theory. Hence values of 
pi, Ps, in terms of x.^, can be found : substitute them in 

ds = Pi dxi + p2 dxi + p.j dx.i , 
and effect the quadrature. 


(The equation also can be solved, more symmetrically, by using 
the substitutions 

+ ^2 + ^3 = \/ 3 ' 

Xi 4- C 0 X .2 + co-^g = x^ VS r , 

Xi + + (CX.^ = X.J VS. 

where « is a complex cube-root of unity.) 


(iv) Integrals of the subsidiary equations, consistent with 
the original equation and with one another, are 

(P 2 -Pz)e~ = 2a, (p. + p ,;) = 2h. 

The complete integral is 

^ ~ ^ i / {cie^ ~ dxi + a (x.^ - x.^) + h (x,^ + 6"^ 

(v) The equation can be transformed into the equation just 
preceding, by the relations 

PlXi + =Z+JS, 

Pi -^1) P2 “ -^23 *^*2 ~ Pz ~ — JP;j. 

Denoting the integral by cj^ {Z, Z„ Zg, Z^) = 0, the re-transforming 
relations (see § 202, as the basis) are 


SO SO 


^ ^ 0Cl3 9<I> 

(vi) {z- Ay (oia;, + chso., + a^x^y, 

where aiOaOs = 1- 


^0, 


— Z-. 


452 Ex. 7. On the results of Ex. 6, we take 

Pi + (Ps + «4) (ps + SCs) Pe = Cl , 
{x^p^ + ic, Pj) + Cijps (Pi - ps) = a. 
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For the former of these, from the subsidiary equations, we have 


so that 
Thus 


:}h == Co, 


XUUO X'" y. t ’ 

0.> “T «< ft 

}h = (c*| + 6*o0a + 

The second e(]uation, involving only w., iV,,, is discussed in 
Ex. 4, p. 441), with I iti place of a; we have 


Pl = 

2^ 

''•t 

4^ 

•Co ^ 2c, 

+ 

4ci ’ 


1 

(h 

Cr> 


1 

/>, = 

2x 

1 4 

2c, 


4ci 


2a 

— c. 

e'C, 1 

-(•• 

1 


Ih = 

— c /5 

4 V 

^ 2c 

Cl - 


so, substituting in 
we find 


(1:2 = S p.ydx.r, 

r -=1 


= |C 4 log (.ri + ./•,) + (Xj - ^,) ( 2 c 5 4 Xf) 
- 4 C 4 {2cr, 4 rr-r) 4 a f - ) tan~' \ 


- 4 C4 ( 2^5 4 a^r) 4 a - tan~' \ — — ^ 

«( 26 v,)- 

2 1 

4 .. , (Ci 4 CoCii 4 C;{X*4)- 4 Co/rj5 — log (c^ 4 Xc). 

OC.y 

§231. .Ex, 2. (i) '’fliis integral is obtained by taking 

,'r, a 

and proceeding as in Ex. I ; 

(ii) This intc^gral is obtained by taking 

and proceeding as in Ex. 1 ; 

(iii) This inti‘gral is obtained by taking 

and proceeding as in Ex. 1 . 


10 
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465 


Ex. 3 . I. The two equations can only exist together if 
The primitive is 

z — h — a{— co{* ~ 4 * x^). 

IL The two equations can only exist together if 

-^'3=?2 + (l-^5)f>3 = 0. 

Then jFa) = so 

^'4"=1>3=0. 

The conditions of coexistence now are satisfied. 

The primitive is z—h = a (xj^x^ — x^-). 


§ 235 . Ex. 2, Denoting the two equations by = 0, = 0, 

we have 

A-i ( 4 I 2 ) — -^2 (-^l) ~ — «'?'4-d.2 = 0, 

so the system is complete, as expressed. 

The equation Ai = 0 is satisfied by making 2 : any function f of 
x^, u (= x^x^), V (= X,? 4- X^,?Xi^), tv (= Xi + X,^Xi). 

Taking X 2 , v, v, tv as variables, the second equation becomes 

dx 2 d'U dv ’ 
so that /is any function of 


w, X2 4 - Uj V + tir ; 


that is, z = <f) (ii?i + XsX 4 , Xo 4- ^ 3 ^ 5 ? + x./x,i^ + x^fXs^). 

Ex. 3. Taking the equations as Ai = 0, -4^ = 0, we liave 

so we take J-s = n., ~ 2 = 0 ; 

^’1 

and then ^ 3^)3 = 0 . 

Next, As (Aa) - Aa (^s) = - + 2 , 

Xx" 

SO we must take — jps + 2 — = 0 . 

The system now is 

p.2-pi = 0, pa = 0, p. = 0, pi=0, 
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and it is complete. .1 ienot.ing the dependent variable by u, we have 

so that it is not correct to say that the two given equations have 
110 common integral. 

[Note. The two e(j nations arise in the application of the 
method given in § 25 1 for the determination of an intermediate 
integral 

n (.r, y, 5r, j), q) = 0 

of some particular equation of the second order. The variables 
y, z, Ih ? ’^41 ‘^*5 respectively ; so the result is 

which of course is not an intermediate integral] 

EU).^. (i) s = P-466 

(ii) ^' = cjb + .a., I j > same as (i) by the simul- 
taneous interchange of with au, and of with ,rr, ; 

(iii) no common inh^gral other than z = 0] 

(iv) no common intc\gral. (This equation arises, by the sub- 
stitution .^ 1 , au, .r.,, . 1 * 4 , X., - w, ;//, p, q, in the discussion of the 
second-order equation of minimal surfaces, Ex. 2, p. 539, of which 
there is no interm(‘diate integral.) 

MiHCELLANKnus ExAMi*LKs at end of Chapter IX. 

Ex. (i) lx 4- m.y *4- nz = {yz f zx -H xy) ; 

(ii) ze"^^' -f ;// = -h x) ; 

(iii) xyz = {yz 4 zx 4 xy). 

Ex. 2. The differential t.‘quation, is 

4a- ( fx 4 qy — = (1 4 4 (f) {(^^ 4 y'^ 4 

The singular integral is 

The complete integral represents a family of spheres, passing 
through the origin and having a common radius a. The general 

10--2 
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integral represents the aggregate of circles, passing through the 
origin and having a common radius a. The singular integral 
represents a sphere, centre the origin and radius 2a, which is the 
envelope of all the preceding spheres and the preceding circles. 

Ex. 3. The general integral is 

z X ^ \y xj 

The equation of the required cone is 

z {4iX — 2 /) = Zxy. 

Ex. 4. The complete integral is 

J -j- a (^ - y) 4- y + 1) ~ a log (a - e^). 

The integral ^r + 2 / + ^ = l is special. 

p. 467 Ex. 5. The Lagrange subsidiary equations are equivalent to 

dx+ dy + dz = 0 \ 
xX~- dx + y dy H- zZ'^^^ dz — Oj 

When X, Y, Z are quadratic functions, we take X = ax^ + 2bx + c, 
and likewise for Y and Z. Then 

ascJ-^ dx = d (Z- “) - hX dx ; 

hence, in virtue of the first equation, we can change the second 
to the form 

d(X-^+Y-i + Z-i) = 0. 

Zlso j X~^ dx = a“'^' log {ax + b + a-Z “). 

Hence the primitive is 

{ax + b + a^X^){ay + b + a^Y^{az + & + =/(Z' “ + F'^ + F'“). 

(i), (ii). For the remaining two results, reference should he 
made to Eichelot’s memoir (Grelle, vol. xxiii, pp. 364-369). 

When Z, F, Z are quartics, the integrals concerned are elliptic 
integrals. 

When X, F, Z are sextics, the integrals concerned are hyper- 
elliptic integrals. 

In both cases, the integral relations belong rather to the theory 
of functions than to the integration of diflEerential equations. An 
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entirely different nuddiod of proceeding is pr-ovided by simple cases 
of what is usually known as Abel’s Theorem, a brief account of 
which is given in my Theory of Functmis (3rd edn., 1918), 
pp. 579-590. 

Ex. 6. (i) We have 

dk ^ 

= 2A:« + 4A-||, 

a linear (Lagrange) equation. The Hiibsidiary equations lead to 
the general integral 

'//. { 1 — 4//Z’;V- z=z f ( — ^ 


To determine the form of /’ take A = 0 ; then 

u = e’"', u=f(k), 

that is, 

Consequently, the giuu'ral integral is 

k o 

u (1 — 4}hky- ^ e^'~ ' . 

(ii) For the second result, the corresponding linear equation is 

du 7„9n , 

(iii) For the third result, the corresjxniding linear equation is 

+ ()ku == 0. 

u/l vie 

The forms, re(iuir(‘d for( ii)an<l (iii), are deduced as for (i) above. 
Eiv>, 7. (i) The subsidiary equations are 


‘ iV' 

Jl I Wi A s y — a 

Let = wluu’e 7/;t is detorniined by the equation 

. 1 / V /* JL. i- rt... .if.. " 


== (h^yi 4- an3?/2 4- a-wys ; 
dn 

dn 

s=s 2/3X2 = (hiVi + CLnV^. + 
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These three equations have been solved in Ex. 3, § 176 (p. 353 of 
the text) : two independent integrals can be taken in the form 


The primitive is 


1/j 00-^ *4” Wij 1^2 *4" 

+ m^CG^ 4- % 
”i~ ”1* ^^2 

l^Xi -f v^x.2 4 - n^i 


= B (log 


IqXj 4 - mgiTa 4-^3 ^ 


\I2X1 4 - m2X.2 -f 112 
(Zsic?! -f msX2 4- «.;5 



the constants being given by equations that, only in notation, 
differ from those given in the solution of the example quoted. 


(ii) Let 


Si = ■“ ^sP 2 > S2 = X^Pi — X^P:u = X1P2 — XqPi, 

The subsidiary equations are 

dx^ _ dxz _ dx.i 
((^2X^82 ^$X2S^ ■” n'itZ'2*S‘i 4 c^'2«rji§2 

__ —dpi _ — dp2 — dp .^ 

““ (l^PzS2 4 Clz P'lSz + ^iP^Sl — 4 Cl2PlS2 


Then 

ds 

= (^2 — (Xy) ^2^3 = 

dS 2 / \ n 

^]) ^3^*1 — 

^ = (ai -- aa) 5a 5o = ^.8182 \ 

so if 

du ^ 
dz ~ 

we have 


and so 

— /Sjli + J.1, Sa® = + Az, 03 = /SgM + A 

where 

(t^Aj + ct^Ao “f" n-a-dg “ d. 

Now 

XiSi + X^S-i + = 0, 


dz 

T* 


so that %L is a function of x given by the equation 

^1 4 - 4 ])^ 4 X2 (^2'^ + -^2)^ 4 Xs (/S3W 4 - 4 y)^ = 0 1 

and then 20 + B=J{(^^u + A^) + A^) (/?.,« + J.^)} du. 

There are three arbitrary constants. 
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Ex. 8. (i) integral of the Charpit equations is 

( p + </)“ = §(.'» + 2/)- + il. 

Hence ( P ~ qf = i (* - ?/)’- - A ; 

and therefore 

= ■|/{t + yy + H, (dx + dy) + •|/{-| -yy-A]^ {dx - dy); 

(ii) z — xy — + I +b ] 

Of 

(hi) 5:= + 1) .*■■“ + I + 1^ + 

(iv) z — ~ j-'h'v’ + Ex./ + Gx/ + A', 

where AEG = dir. 

Ex. 9. The equation of the required surface is 
z- = a{x^ + y% 


Ex. 10. Denote the two values of dyjdx at any point by ti, t^. P. 468 
Then <iio = -l, 

so that the two curves an; orthogonal. 

The product of the curvatures 

(i + ty^ ■ (!+«./)“■ 

Now ti = 3 + (I + Z-y- , = A — (1 + 

SO t; = {1 +£r(l + 3:“)~i} (p + 2«i). 

i/={l -A(l+.2“)”“}(i> + gia); 


hence the product 


_ .P' "h 


and so is constant. 

When /(/i;, y) does not contain y, we have 2 =/ (x), q==0; so that 

neglecting an additive constant of integration. Substituting 
t ^ =: (^2 4“ taid 6^^ tan Op 

we have cx == ^/2 /(l-|sin®0)“'^ cos^ 0 dO, 


or. if = 0 when 0 = 0, 

= 2^i?(V2 sin 1 0) - ^/2F {^2 sin -10). 
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JEw. 11. Take the given point as the origin, and the given line 
as the axis of x. The spheres are given by 

^.2 ^ y2 _j_ ^2 _ 2ax = 0. 

The equation of orthogonal surfaces for all values of a is 

— 2xs + (x^ z^)p^ 0 . 


The primitive is + y- + : 

Ex, 12 . z = <p (x^ + y^). 


■yf{. 


Ex, 13. Surfaces orthogonal to a given flnnily of curves satisfy 
the equation 

dx dy dz 

where dx, dy, dz belong to the curves at any point, and jp, - i 
belong to the normal to the surface. 

We find p = coth x tanh q coth y tanh 0 ; 
so the surfaces are sinh x sinh A sinh z. 


Ex, 14. We have 


'du 

dx 


- — (^xy^z ~ <pxz'^y + <l>y^xz — 4>z‘^xi/ , 


and so for ^ • The sum of the three vanishes. 

For the converse, take two functions <56 and ^}r determined by 
the equations 

i^yi^z ■“ 4^z'i^y = 4>z^x — i>x^z = V ; 

these functions satisfy no other condition ; then 

dw dtc dv 

dz dx dy 

= <pxz^y — ^^yz'yjrx + <l>x'^yz — <Pyi^xz 

0 

~ 0 ^ (4‘x^y 4^y'^x)} 

whence the result. 

Ex, 15. (i) If the two equations have a common solution 
other than u = constant, then 


/Try' ytr/N 
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jS^lso du must be an exact differential ; hence 

( YZ' - ZY') dx + {ZX'- XZ') Ay + {XY'~ YX') d^ = 0 
must be reducible to an exact ecjuation du -0. 

Let its integral be <f> (x, y, a) = .4 ; then any common solution 
of the given equations is 

u = F (.*, y, 2 )]. 

(ii) The two given equations have no common solution p. 469 
other than u - constant. 

Fie. 16. The equations, subsidiary to the given equation 
F=0, are 

T-%,+ 4j,. 2,,,+ 5ft 

Pi 

dull dx.. _ __ dxj, 

~ _ 1 “ - — 2.^;} - a\2h - - 5^3 -I" P^ 

pi 

__ dXr, 

- Xi - *5 ( 1>2 - Ps) - 2 ^ 

Pi 

Integrals of these eciuations*, consistent with the original equation 
and with one another, are 

(p2-p;.)e-''‘ =dL; 

( p., + -Ip-j) = As 

XiPi + iet.2h = • 

P? = Ai 

pi / 

The corresponding complete integral is 
2 - ^1 = J .4, (2.r., - 35.) e-^'- + A.^ (*2 + x.^) - A.sA, [ dx, 

+ 41 8 log (a ?4 + AiXge''^^^ ). 

For the second part, make the transformations 
Z = 2)iXi + ... + psXs — 2, 

Xr = Pr, Pr = Xr, (for r = 1, .... 5)- 

*■ They can be chosen in a variety of ways, and lead to different forms which 
functionally are included in one another. 
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The transformed equation is 

+ (SX, 4- 4Zs) Po + (.2X3 + 5X.,) P„ 


+ Z. P, + {X, - X, + j X,P, = 0, 


a linear equation. The subsidiary equations are 

dXi dX, dX, _ dX, dX, 

0 ■" 3X, + 4X, ~ “2X, + 5X; X, „ 


V. , X,\ -X 


and five necessary integrals can be taken in the form 

Zii .^*1 " J 

X2 + 2X3 

"" (X,-XJ ~ 

- 3^5 -t’- 

= Y ^ 


■ log X, - |6'V.-A-, a log ^x, - X,) = a„ 


'ih==Y'^ 

The most general integral is 

^ (ui, U2, Uiu y-d = 0 . 

In order to return to the integi^al of the original eqixation, we 
use the relations 

2 “j* • . . WqJSl, 5 iS", 

Wr 9 ^^ A /P *i K\ 

Xi'^ax;-^’ ••■> s)- 

Ex. 17. (i) z = XicCCi^iTa — XiiTi® — ^ (“ + ^ ^og X,) + AnX .? ; 

(ii) {2z)^ - Ai = A3X%-^AiX3“ + A^x. 

2 n 

* 4 " o ^2 X X ") 


Paj. 18. z— B = A (x^x/ — ajjA's^) + log (w.^Xt). 

Ex. 19. (i) z — 0 = A log {(xi + x^y + (x^ + 

+ B log - x.yf + - x ^^} ; 

(ii) a - <7 = X log {(a;i® + {xi + x/)} 

+ Ptan->f~i^^±^-'V 

\00i00 .^ OOq^OOqJ 
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§ 237. Ex. (i) s = f-(i/)+je' |<#) («) + j (i?/| dx ; p. 473 

(ii) ^ = <!> (x) + 1 (y) + A d«| dy. 


§ 240. Ex. This is mainly a complicated exercise in deter- p. 475 
minants. Write 

_I1_ = J!l. 

9iri“ ’ dx^dx.j ’ 

and so for the others : also 

d(f> d4> 

+ S’ 

and so for the others. Taking derivatives of F (4>, -f, %) = 0 and 

. . dF dF dF , 

^ we have 


eliminating g^, g-, 


d<j> di d<l) 

, d6 , d<p dcj> 

, <.r 


As every first minor in J ( J-H') ^^“i^^es-and therefore also 

J itself— -the terms of the second order and of the third order 
in Zn, ^la, ..., 2*1 disappear. The coefficient of Zn is Ri, where 

„ \d4> df dx . 

‘“Up,’ 9pi’ ’ 

' <Pi< '^2> X2 

4>3, 'ha, Xa 
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and the coefKcient of is where 


ItoS — 

d<j) 

a^’ 

difr 

^2’ 

dp.2 

+ 

0<^ 

d'\}r 

9p.i 


<f>i. 

•^ 1 . 

Xi 


(f>s, 

i^s, 

?<:» 


<t>.. 

•^ 2 , 



4*1} 


:^i 


F= . 

•^2, %2 

In V, let the minor of 4,, be denoted by <!>,, and so for the 
other constituents. Then 

(’Pi dpi dpi 

sp, dp, -dp.~ '‘0i?2 “aj)/ 

and so for the other quantities. 

Consider the determinant 


2 R,, 

-^12 > 

-^13 

-^12 » 

212, , 

i2^, 



2i?, 


y^4> , d(f> deb 


dp,^dp,^‘'dp, = ^’ 

then because of the properties of J f-tLiUXS] ^ 

VjPij P'.\/ 

d'yjr dyJr d^lr 

x^£ + A^.M,o. 

dpi ^ dp^^ 3^,5 

Multiply the rows in @ by X, fj., v, and add the first to the second 
and third ; we have 



dpi 9pi c?Pj 

^Pi ’ciPi "api 

'Bpi •••’ - 
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The right-hand side is 



Ur V 

1 ] , »\j 


<s>„ 

Xij 

; ' \Pl,p2^pj 


X;, 



and therefore vanishes. Hetice 0 = 0, and therefore 

-f* "h — 47^] ~ 0 J 

and the equation is 

H- . . . -h -f- . . . = V. 


I 250. Ex. 3. (i) When h is not unity, there are two intermediate p. 490 
integrals 

? - - 7 ”/ P=fi\y + <^ (1 -1)^1 

2-^7^=/a{y+«(i + 04 

where = 1 — h These coeaxist (§§ 245-247) : so we deduce the 
values of p and q, and find 

= F [ij + a (1 — 1) ct} + G jy 4- a (1 + Z) 

When k .is unity, we have 

^ z — F{y + cKv) + xG (y + ax ) ; 

(ii) The intermediate integral is 


and the primitive is 




s^f('A + xG(A-, 


(iii) The intermediate integral is 


the primitive is 


F(z)=^y-\-xGi^); 


(iv) z = F(jEy)^xG{^l^; 

(v) An intermediate integral is 

p + ag ” {y + ax ) ; 

and the primitive is 

F {y- ax) + (J (y + ax). 
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p. 491 Ex. 5. (i) Two intermediate integrals are 

p ay = - 2aF' (q - ax), p -- ay = 2aG' (q + ax ) ; 
and the primitive is 

2 -- qy = F (q — ax) + (? (r/ 4* ^ 

y =1 — F' {q — ax) — G' (q-\- a^i?)J ’ 

(ii) (The equation should have —q + y (s- — 7't) for its right- 
hand side.) 

An intermediate integral is 



and the primitive is 

— + F j -i- G (a) 

' ' • ■ r ’ 

y \yJ ^ ' 1 

(iii) An intermediate integral is 

F (p^q - pq - |y=) = 0. 

The integral of this equation is not attainable in finite terms; 
, but possible separate and non-coexistent integrals of Charpit’s 
subsidiary equations are given (§ 249) by 

p-q-h^^a, pq-ly- = l>. 

Of the first, an integral is given by 

0-A'=Ala)(x^ + 9(1)3 q. log (aj q. (a;2 q. 2tt)-}] + . 

A" 

Of the second, an integral is given by 

£)[) 

p. 492 Ex. 7. (i) The only intermediate integral is 



The primitive is obtained by eliminating a between the equations 

a + 0 = ty‘F (a) + fG (a)] 
l = x^F'(a) + fG'(a)]’ 

(ii) The only intermediate integral is 
<f) {p^q - Zy, q^p - Sx) = 0. 
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The primitive is obtained by elimimiting a between the equations 

(a + zf = + f' («)] {% + G (a.)} I 

3 (« + zf = (3.* + G' {a) + {3y + G (a)} F' (a)j ’ 

(iii) An intermediate integral is 
F {./,• + p (1 + p- + </T . ;'/ + </(!+ + q ‘^~^ } = 0. 

Of the Charpit mpiationa, aubsidiaiy to this equation, 

+;)(!+ p- + q-y - = a 
is a particular solution ; so, with it, Ave take 

y + ? (1 + P' + 'f 

Then rve have a solution, from the integration of 

d3==pda', + q(ly, 

in the form (s — c)'- + (a' — a)- + (y — b)- = 1 ; 
and a more general intc'gral in the form 

{a - F (e)l“ + {?/ - G (c)Y + - c)“ = 1 ] 

{.* - F (c)} F' (a) +{y- G (c)} G' (o) + (z-c) = 0j" 

Ex. 8. Let the equation (jb (a, v/, z, a, h, c) = 0, be resolved, so 
as to give ^ y, a, b, c) ; 

and note that, owing to the equations b,c) = 0 and '^{a, h, c) = 0, 
we have b and c as functions of a. 

For the envelope of the surfaces, we have to join 

()a dh da do da. 


with the equation ^ = 0 ; and, also, 

df df 

For the envelope, the various e<piations give a, b, c as functions of 
os and y; so, still for the (uivelope. 


. 4 . P 

dicdi/ ‘ dy 


db p 9c 


4 +C,jj + «.g^ + 0.3^ 
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sy 


Qi ~~ ■ 




® dxdo ’ 


Qa 


dydc ' 


Hence 


dyda’ '^^~dydb’ 

when in the factors of the second product we substitute the two 
values of 5, becomes 

(PaQa-PaQa) J (||) + (PaQa - PaQa) J 

+ (P,Q^-P^Q,)J = 0 . 

y 

But, because h and c are functions of a, all being functions of co 
and y, we have 


J 

Hence we have 
rt — s- 


y.o, /(.y.o, 

w, yj \x, yj \oo, yj 


0 . 



.2s ^ 




V ay 

dxdy 

dx^j 

ddif 9y- 

\dxdyJ 


Accordingly, when the equation of the envelope is taken in the 
form 

Rr-^Ss + Tt+U (rt - 6*-) = F, 
the coefficients satisfy the equation 

S^ = 4^(RT+UV). 

§ 252. Ex. 2. The equations that arise in the process are 




Vp Vjq 
Ux ^ Uy 




Ua 


Kesolving these simultaneous equations for 


Uv) 


1\ 


Ua 


we find that 


Up Uq ’ 


where X and fx are the roots of 
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When the roots of this quadratic are unequal, there are two 
systems of equations, as X and /a can be taken in either of the 
two combinations. 

When the quadratic has equal roots, the two systems are the 
same. 


Ex. 3. W^rite 


A(«.) = 

A'(h) = 


Zu. 


CM 




Zh. 


da 

ds 

du 

(ijs 


rnda da 
J. = 0 , 

dp ^ cq 

du ri da ^ 

cr 5 R = 0 . 

dq 


(i) One condition for three integrals common to the system 
is p — cr, so that the (juadratic has equal roots; and then the further 
conditions are 


A' (T) + A (S) = 0, A' (S) + A (i?) = 0 : 
that is, three conditions in all. 


(ii) When tliere are only two integrals common to the 
system, the equation (A, A') = 0 is a new equation. If this is 
taken in the form 


A // /' \ da> .. da ^ du 

then (p — cr) P = A' (2^) — A (cr), (p — cr) Q = A' (p) — A (P). 
The conditions that the system is now complete are 

P^- A(P)»A"(P)> 

I>Q ^ A (Q) ^ A" (p) = A' (P) A'' (a), 

Q‘^ = A'(Q)~A-(P), 

which can be proved cMjual to two conditions in all. 


(iii) Whtm thmx‘ is onl}’^ one intermediate integral, the single 
necessary con<lition is 


P^ ^ A (P) + A^' cn PQ - A (Q) + A" (p) = 0. 

PQ A' (P) + A'' (<t\ A' (Q) + A'' (P) 


N^ote. As regards all these conditions, full details of the analysis 
will be found in Forsyth, Theory of Differential Equations, voL vi, 
i'241--245. 


F. 


11 
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Ex. 4. Let p and o- be the roots of the quadratic 

When the roots are unequal, there are two systems of subsidiary 
equations, viz. 

llq — plip = 0 j Ibq — crtbp = 0 'j 

% + aup + = oj ’ % -i- pUp + == 0 f * 

When the roots are equal, p = o* = ; and the two systems are the 

same. 

The conditions for three, or for two, or for one, intermediate 
integral can be deduced as in the preceding example. 

501 Ex. 6. The primitive in the preceding example is 
U — (x- ay + {y — iSy + 2:- — 7 = 0, 
with the condition F (a, 7) = 0. 

To obtain the primitive in Ex. 6, § 250 (p. 491 of the text), we take 
7 = c 2, a = ^(c), 

0 LT 

and therefore /3= x/r (c), together with = 0, i.e. 

qC 

[x - (c)} <j}' (c) + {y - (c)} -f' (c) + c = 0. 

Ex. 7 . Following the method indicated, the equations for the 
existence of an intermediate integral ii ?/, z, p, 5) = 0 are 

' ~ V = IbplCq = 0. 

X 

There are two systems, viz. 

~ ^ 1 ~ ^ ] 

iiy - % - 2 1 = 0 r Uy + + 2 Up = 0 I 

When the tests for coexistence of the equations in a system are 
adopted, it appears that neither system leads to an intermediate 
integral. 

[The primitive of the differential equation is 

z ^ F {y -- x) G {y X [F' {y -- x) -- O' {y + ^r)} ; 

it is easy to verify that no intermediate integral exists, involving 
only one arbitrary function.] 
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Ex. 9. The vex*itication is immediate. We have 
}) + ar + hs = 0, q + as + bt = 0; 
the elimination of a> and 5, between these equations and 
^ 4 - ax + bt/ + ab = 0, 
leads to the givmi (litlerential e<|uation. 

For the constnietion of the ixitennediate integral, the process 
in Ex. 8 in the text leads to the result. 

There is no other independcuit intermediate integral. 


Ex. 10. The initial subsidiary ecjuations are 

which lead to two systems 

V/,; + ^ 0, Kx - fXUy = 0, 

where im has eitlier of the values 

■pq ± ^/)*^ 

1 -f- (p 




It is easy to verily that the system is complete, the Jacobi 
condition for coi‘.xist<‘nce being satisfied. There are three inde- 
pendent integrals, being 


Ui = fX, 

iu ^ y -f yuar, 

z=z z — %x (1 + ya-)- ; 

the most general intt^gral is 

<3b(iq, z^3) = 0, 

where is any function of its arguments. 

There are two distinct intermediate integrals 

?/ 4“ yaa? = <5^ ^ ~ ix (1 4- (/x) ; 

and the Jacobi condition for coexistence is necessarily satisfied. 
When p is eliminated, we have the most general primitive of the 
equation, ^ being arbitrary functions. 


p. 503 


ll~-2 
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CHAPTER X. §1 252, 253 


Let d denote //.+ (! + so that - ^ = - (1 + m®)- ; clearly 

0 is a complex quantity. Then we have 

y + iz->r xd — (^ (jx) + ii/r (jx) = F {6), 

y-iz- X^ = 4> {jx) — (jz) = Q(6); 

and the surface is given by eliminating 0 between these equations. 
Usually it is imaginary. 

The simplest (and the only real) case arises when 
F(d) = b+ic + iR + a)0, 

G (0) = b - ic + (R - a)^-, 

the elimination of 0 gives 

{x - af +(y- by + (z- cy = R\ 

(The result is due to Monge, Application de I’analyse a la 
geometrie, pp. 196-211. See also a note by Forsyth, Messenger of 
^Matk, vol. xxvii, 1898, p. 129.) 

Ex. 11. The intermediate integrals of the respective equations 
have already been given {supra, pp. 157-159). They can be 
obtained by the process indicated in the text. 


504 § 253. Ex. 1. The primitive of a;V+ ^xys ■\-yH — 0 is (§ 250, 

By the dual transformation (a contact transformation), the equation 
becomes ^ V -2pqs+pH = Qi. 

Thus the integral of the latter is given by the relations in the text ; 
and it is a; q. yf = g (^). 

Ex. 2. (i) z = xy{F {x) + 6 (y )} ; 

(ii) This equation is the dual reciprocal of equation (i), and 
two intermediate first integrals are 


px-z=pfiq), qy-z=qg{p); 
the primitive is obtainable as the eliniinant of p and q between 
these equations and 


fx + qy— z 



pq 
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CHACTEU X. §§ 253, 266 


or (what is the same thing) between 

px - z + pq-G'(q) = 0 
qy-z + p-qF'(p)=0; 

(iii) y = sF (x) + xO (z ) ; 

(iv) The dual transformation leads to the equation 

X'^T - 2A' VS + PE = XP + YQ, 

of which the primitive is 

Z=F (Z^‘ + P) + G {X‘‘ + P) tan-> ~ . 

The primitive of the original ecpiation is given by 

4> == px 4- qi/ — 2 — F 4* </“) — (r (p- + q^) tan~^ 2 = 0, 

aci> ^ 

dp ’ dq 

whenp and q are eliminated. 

(v) The dual transformation leads to the equation 

(1 + XY + ZO li - (Z- -- Y^) /Sf -- (1 4 Z7 + P) T = 0, 
of which the primitive is 

A = A {X + Y) + (A - Y) G . 

The primitive of thi^ original equation is given by 

— /vk/7* _L V t >n JL /A — f — (/) (x — .1 — ( 


$ = px + qi/ ^z^F(p + q) - (p - q) G -J = 0, 

?‘t=o ?5 = 0 

when p and q arc eliminated. 

§ 266. Eai L [There is a misprint : the substitution should be p. 508 

z = \it, 

where X is any disposable function of x and y.] 

In the transformed equation, 

L'^L + Y^-, M>^M + Y^, 

Xdy Xdx 

. 1 ax, „ 1 ax , 1 . 

X'==^N + L-^ + M-^+~ 

\dx Xdy X oxdy 
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p. 510 

p. 514 

p. 515 


CHAPTEE X. §§ 256, 258, 261 

the verification, that the quantities specified are absolutely un- 
changed, is immediate. 

Consequently, the transformation does not lead to a vanishing 
quantity, as in § 255 or § 256 ; it is not useful for constructing an 
integral. 

Edc. 2. We have 

_ dLrdM. ^d^, 
a,® Kr dy ' 

the results follow at once. 

For the particular equation = 0 ; so two transformations are 
necessary. The primitive is 




+ - 2 ®) \^e-'^^y'xF{x)dx 

-+ \ e-^^y‘''{x-^^xF{x)dx. 

y 

§ 258. Ex. 2. (i) The primitive is 

z == A.X + (JB — ^A.“ + ciA . ) ly + C j 

(ii) The primitive is 

^ = y (— 1 ~ 4 , 

§261. Ex. 2. 

y = \ \F {x + at) + F {x - ai)} + A jy («,. + at) -f(x - at)]. 

Ex. 3. ( 1 ) z==F{x + ly) + G{x-%y)- ; 

(ii) z = F{2x-y) + G{x-y )-\- ; 

(iii) z = F {ax + y) xO {ax y) + \a^f{ax + y ) ; 

(iv) Let 1, a, a® denote the cube roots of unity; the primi- 
tive is 

x^y^ 

47^76 ■^4. 5. 7. 8. 9’ 


z = F(x + y) + G {x 4- ay) -\-E[(x + a^y) 4 
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CHA}>TER X. |§ 2()1, 263, 265 


(v) z-F {ax + y) + tjG {ax + y) 

+ [j<p (.'■) |'j^p' {>/) dydy + I , ^ 

where, after the double integration in the last term, x + by is 
substituted for t ; 

(vi) z = F {x + y) + xO (x + y) + jla'* + i + V)- 

Ex. 5. (i) Thu primitive is p. 516 

u = F {x + y, z) + G {x — y, z — y) + ^Fys — -^-^x^y + i 
(ii) u = F {.r, - z, y) + G {2x - y, z)+H {x, 3y + z). 


§ 263. Ex. When the method in the. text is used, the part of p. 518 
the Complementary Function r(.‘<piired can be expressed in the form 

1 

{D'-aD-^Y^ 

= e3.v,.,, * .0 


.0 


{l)’-ciJ)Y+' 

= e^i> [F„ {x + ay) 4- yF, {x + tty) + ... + y‘F,. {x + ay)}. 


§265. E.r..2. (i) z = F{xij 
(ii) z = F{xy)+G \^^. 




Ex. 3. (i) 




XJ n — 2 2 ?i - 3 ■ 

a: I \x/ n(n. — l) 


(ii) ■a = F[ 

(iii) u = F cos {n log .V) + G sin (n log x). 

Ex. 4. Change! the variabh^s so that 


1 + X , V - X . 


the equation becouuia 


dhi 






so that the primitive is 

F {y) cos w' -f (? ( y) sin 


p. 521 
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CHAPTEE X. §1 265, 269 

Ex, 5. (i) z = F{y - ax) + Gr(y+ <^•'^0 ; 

(ii) z = F (mx + ny) + Q(nx + my) 

4 - ^ (mx 4- ny) + (m^ - n^) sin Qnx + mj) 


+ 


n 

mn sin {kx + ly) — {mk — nl) cos (kx + ly) 


{nk — ml) {mW + (mk — nl)^ 

(iii) Adopting the process of § 262, we have the primitive 
in the form 

where A and B are arbitrary functions of /3, and 

A = (h^ — ab) + 2 (gh — of) 13 + -- ac. 


Ex, 6. Let /('sr) = A (iir — Ci) (tzr — Co) . . . (isr — C^), 
being the degree of /('sr) in 'gt : then the primitive is 


z = F I 








where J^ 2 , • • • : are arbitrary functions of the m — 1 arguments 

which are the same for all. 


The cases, (i) when there are multiple roots of /= 0, and (ii), 
when f{n) = 0, are most simply discussed by taking 

Xr = 

for r = 1, . . . , m ; the equation then becomes one with merely 
constant coefiScients. Thus, if C 2 = Ci, the part of the comple- 
mentary function is 



and so for other instances. 


§ 269. Ex. The general solution is 

u = $ (ii? + <x^) + (a? — at). 

Under the conditions, we have 

f{x)^^{x)^^{x\ 


p. 526 
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The latter gives 

i f V(X) dX = ^(a!}-^ (a!) + A, 

ft.' A 

where k and A are constants. Thus 

$ (.*) = lf{x) + 1 J V(X) dX - I A, 

'P (ff) = 1/ (f«) - ~ JVCX) dX + i ; 

consequently 

7 ( = <!> + at) + T-f {x — at) 

1 rx+at 

= i {/ +/ (‘^* ”■ ^ ■^(^) 

§ 270. /&'. 1. We can take u as the sum of two functions v p. 527 
and w, such that 

•y =^f{x) when t — 0, and = 0 when x = 0, 

24/ = 0 = (j>(t) ; 

and then as regards the former, we take (for negative value's of x) 
the relation y’(^) == _y(^ a)\ 

which secures the second condition for v. 

The quail fcity/X^^-') the' same as above; for 

~ X , - u- -r- 2uat^ -f - ^ / \ A, 

= TT - e dx / {X) at 

— 00 

=/(*), 

when t = 0. Now it is there proved that 

1 /•«» 

14= Y e f{X)d\ 

2a (7rt)- • 

1 r" r . fc+x)\ 

‘ . I \q 4a2t — £ 4:(i^t V y* (X) dx, 

2a (7Tt)^^o i ^ 

on substituting for/(-~ X). 

We proceed otherwise for the second part*. A solution of the 
equation is given by 

0 ‘-a^\^(t~a) cos Xx, 

and therefore I e ” cos Xoo dX 

Jo 

* Bieraann-Weber, Partielle Diferentialgleichungen, vol. ii, section vi, §§ 40, 41. 
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CHAPTEB X. § 270 


also satisfies the equation. When t>a, this is 

1 _ 

— — a)~^ e (^ - a) . 

2a 

Further, another solution is given by the derivative of this solution 
with respect to x, which is 

and therefore, as a is not greater than t, another solution is 

fTpir 

'-e ia-(t-a) F(oc)da. 

To find Fy let a new variable ^ be taken in place of a, as given by 


the. solution becomes 


2a (t- a)^ 

2aiir 


When X is zero, this is F (t ) ; so 


and therefore we can take 

rt . 

^v = - j (t— e it-a)cj) (a) da, 
2a7r^ 

Thus the whole expression* for u is 
1 f' 

2a ‘ 


+ - , ‘e 4<.>(i-X) dx. 


Ex, 2. A solution of the equation is given by 


f{\ fjb) dXdfM 


d/M I cos {(a^ + /3^) 6 j5} 

J -cx> J - 00 

cos {a (a? — X)} cos {/S (y — y,)} dad^. 
* There is an error in the text, p. 527. 
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Now 


cos (arbt) cos {a {x ~ X)} da 


/ TT \ - f (x ~ \y . (m — X)- 

=: --r- -^'cos > — 4- sin L 


\m) r“ m 

sin (arht) cos [a (x — X)} da 

5 

= icos _ sin • 

\2bt) [ m ^ ^ J’ 

and similarly for integrations with respect to /3. Take 

X = if + 2(1 (6j 5)-, ^ = y -j- 2?; (bt)^ ; 

the integral becomes 

J j/lx + 2u (bt)-, y 4“ 2v (bt)-} (u^ + v") divdv. 

For the other term, we proceed similarly from the solution 
1 |jP(X, g) dXdfji I I sin {(a*^ + /S-) 

J J J —ao J — 00 

COS {a (.'r — X)j cos {/3 (3/ — g)} dadjS. 


Ew. 8. (The integral is due to Poisson.) We proceed as in 
Ex. 1 by taking u = v -f >w, whore 

77/ \ d/o ^ ^ du) .. . 

v = i{a', y, 2 ), ^ = 0, W = 0, y,2), 

when ^ = 0. 


Special integrals of the e(|uation are given by 

cos (kcU) cos {a (./; — X) -f /3 (y — + 7 — v)}, 

sin (/cat) cos {a (x — X) + yS (y — g) + 7 (^ — 2/)} , 
where a:- = + /3^ + 7-. Hence more general integrals are given by 


00 

V =J fJI I ( (^> O cos (/cat) cos {a (*• - ^) + /3 ( 1 / — ja) 

■{■(y(z — v)]6ad^d'yd\diJ-dv, 

00 

w=JJJjJJ'}r(\, /J,, v) cos (a (,* - \) + /3 (^ - /i) 

+ y(z — J/)} dadj3dydXd/i/^dj'. 

It will be noticed that, in form, v is the ^-derivative of -zp ; so that 
it is sufficient to consider w. 
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Now take a = a: sin 0 cos /3== /c sin 0 sin y = k cos 6, 

K (w — X)= p'sin 0'cos (j>\ K (y— fju) = p'sin 0'sin tp', k{z-~ v)^ p'cos 0' 
and let cos S = cos d cos 6' + sin 0 sin 0' cos — 

then I ^ (/cat) d/c jjjdXdydj/'SI/' (X, pu, j/) I, 

r2rr rir 

where I = dcp ' cos (p' cos S) sin 0 d0, 

0 .'0 

By changing the spherical axes, so that the new polar axis coincides 
with the direction given by 0\ we have S == 0 ; and so 

T . sin p 
J = 47 r — f - . 


= r sin 6 cos p, = r sin 0 sin <^, v-- z — r cos 0, p = tk ; 

477" I 

then w — — I sin {Kat) d/c r sin (rp) dr T, 

J 0 Jo 

where 

rirr r 0 . 

T=j d<^ I ^(a; + rsia0coa4>, 2/ + rsm0sin<f,, £; + rcosd)3m0d0. 

2| I* CO ^00 

Now = sin (f/c) sin (r/c) dr die, 

and so 

r2ir rTT 

w = 2 'it^ d4> j ^ (a; + at sin 0 cos (ft, y + at sin 0 sin <f>, 

2-i- at cos 0) sin 0d0. 

y 

Thus w = 0 when t = 0. The value of ~ when ^ = 0 is 

do 


rzir rrr 

= 27r- d<f> I (ao, y, z) sin 0d0 
Jo Jo 


= Stt® ■'P {w, y, z), 

and it should be f(x, y, z) = 0. Hence 

’^^iTrJo j + i/ + citam0sia4>, 

z + at cos 0) sin 0d0. 
3 w 

The value of v is obtained as ^ , if /(«, y, z) is changed into 

F {x, y, z ) ; thus 

1 d /*’’■ 

^"^i^rdtJo + 2 / + sin ^ sin 

^ + at cos 0) sin 0d0. 

Jb inally, the value of w is u = v + ‘w. 
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Ex. 4. As a, /3, 7 are constants, change the axes so that the p. 528 
new axis of z is perpendicular to the old plane ow + l3y + r^z=0. 

Then, in the new system, we have 

ait; -i- ^y + 'yz = pZ = pR cos 6; 
and the integral is 

R-J d<f> j e»’^“**sin 


the value of which is 


47r ~ sinh (Rp). 

p ‘ ^ 


Now take the origin at the point *0, i/o, ^oj take a function ii 

0 0 0 

which satisfies the equation Vht = 0 ; let a = ^ , /3 = ;r- > 7 = ; 

&i/q czq 

and regard Jf dS 

as an operator upon w,). As 

gaa;+^3?/+yz.^^,^ = U, 


the result of the operation is to give 

JfudS, 

On the other hand, p' = V-, and so 


477 — sinh (RjS) = 47rjR^ 

p 


\ o A 


hence, on account of the equations 

p‘^Uo^O, phiQ = 0,..., 

we have fju dS = 47riJ-Uo , 

which establishes the theorem (due to Gauss). 


§ 274. EiVt. 1. Taking r and 6 as the polar coordinates of the p. 
point X, y, we have the equation in the form 

du, dhi „ 


532 


The primitive is given by 
u = A + B6 + G log r 

+ S ((Air'^^4- A2r’"’’')cos^^H-(jBir’^ + i?2^"‘’^)sinn0}. 

nsr.r 


Ex. 2. When polar coordinates are used as in § 271, the 
differential equation becomes 


0% 

a^dt^ 






1 d\c 
1 — d<f>‘^ ‘ 



p. 533 
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u = • 


1 

dr 


dv\ . a 2\^1 ■ 1 


( 4 :) 




First, take v independent of <j) ; having regard to the form in which 
derivatives of v with respect to fi occur in the equation, substitute 


V = 2PnRn, 


where P,, is the Legendre function of order n, and is a function 
of r alone. The equation for R^ is 

d / ^dRn 


dr \ dr 


- 71 (n + 1) En + k-7'mn = 0, 


the primitive of which is 

where and Bn are arbitrary constants varying from one function 
Rn to another. 

For the more general solution, we take v dependent upon ^ 
and expansible in a Fourier series 

V == Wm cos (mcf> + a ) ; 


then w^n satisfies the equation 

d^ 
dr 




+ k'T'Wm = 0 . 


Again, having regard to the form in which the derivatives of 
with respect to jj, in this equation and noting the result of Chap, v, 
Misc. Ex., Ex. 12 (p. 64, ante), we substitute 


Wm 


where 




- S P P 

~ ^ j- 

ji = 0 

dll'"'' 


and then Bn satisfies the equation 

-n{n + 1 ) Bn + k^^Bn = 0 , 

the same equation for Bn as before. Thus the solution is 
u = cos (mcj) + a) Bn. 
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Eic. 8. Substitute u = v cos aid ; then the equation for v is 
0-y 1 0y 1 S'-’y . 

?)?- r or da- 

Taking - -Rn cos {nd + a), 

the quantity satisfies the equation 

1 dEn / , y-N p « ^ 


whence the result. 

§ 278. EiC. 3. Proceeding as in the text, we have ] 

p'-qy=o 1 
f^-p=±q!/] 

as the subsidiary eciuations. Thus 

^;yV" - <i'y ' = ± (^y" + s'y')- 

Taking the lower sign, we have 

.y" = o, 

so that y = a, 

y =ax (a) ; 

and then a- - p = - ga, p' - g'a = 0, 

giving p-aq = a". 

Taking the upper sign, we have 

si=P+qyi\ 

Pi-?i2/i = 0 f- 

yl~-p = qyi J 

When 2 /i i.s eliminated between the last two equations, we have 
4q) ^ ^ dq' 

an integral combination of which is 

Qiq - 2 t/if Ui = constant = /3. 

But yi2-(72/a = p = a 2 + ag, 

and therefore yi = “ « or = a + g. 

Also a = g ± (s'* + 

The pair of values of yi is the same for ~ a as for a + g ; so we can 
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Thus (3g + 2a)"a = -/3, CL- + aq-p = 0, 

giving p and q in terms of a and ^ ; and 

p = a!c + <p(a), z'=p + qa, z,,=p — qa. 

Make a and J3 the independent variables ; take a? in place of a, 
and — /3^ in place of y8 ; then the equations are 

da 0a I da ^ da ^ da 
dy .> dx r ’ dz dx dy 

“'a/sj ajS'^a/ij'^^a/g) 

6 

while g = — I + 4 5 ^ = 4 a*^ + 4 a/3. 


We have 
and therefare 
Consequently 
and 


1 = -^ = A f_ A’) 

da V 0/3/ dad/S 0/3 V daj 


d^x dx _ 



o''m. 


x = le'(ff) + /M(a). 


Taking account of the three equations between x and y, we have 
y = ad' (/3) — (a) da ; 

and then ^ = 4 (2/3 - a^) 6' (/3) - f (9 (/3) + JaV (a) da. 

The quadratures can he effected by taking 

fjL^<x""(a). 


Ex. 4. The original equation can be resolved into the two 
equations 

r-^t{2p+q^-^q (^p 4- = 0, 

r — ^t {2p + — g (4^5 + = 0. 

Having regard to the foregoing equations in Ex. 3, viz. 

a?-\- aq—p = 0y y = ax-hcj>(a\ 
we have 2y + qx — x (4j) + q^)^ = (p {(4}p + q^)^ — g}, 

which, with the negative sign of the radical, is an intermediate 
integral of the first resolved equation, cp being any function ; with 
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the positive sign of the radical, it is an intermediate integral of 
■ the second resolved equation. Thus 

2y + qx - X (4p + ^ {(4p + 

2y + qx + X (4p + = a|r {- (4p + - q], 

Ihe integials are obtainable as in the preceding example, by 

taking (as there) 

Ex. 5. The subsidiary equations are 

(Jip -</</') + (zg-p) 9'=0, 

qy'--{zq-p)y' -sp = (). 

Thei’e are two systems of linear equations 

qy'+ p =0] y' - = 0| 

p' + ^q'=Qj qp'-p(j'-Qj 

One integral of the first is z = E one integral of the second is 
p/q = - a. 

The new subsidiary equations are 
dy ^_p3x_ 
da q da *^9a’ 

dE~ dfi-^da’ 
which lead to the result 

.r= <^'(a)+-«/r'(/3) 'I 

y=aci>'{a)-4>{a)+fi'^'{li)-^{^)\'- 

while ^ = z. 

Ex. 6. (i) Integrals of the subsidiary systems are given by 

™ = P + x^E- 

ine primitive is 

x^^G'iE) ] 

y = f ’ 

+ z = a + .F (a) - aF' (a) + 0(E) — ECF (E ) ^ 

of which another form is 


x = -dS>' 

the second equation in the latter form is the derivative of the first 

with respect to y9. 


12 
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CHAPTER X. §§ 278, 280 

(ii) The integral of this equation has already been obtained, 
j 250, Ex. 5, (iii), p. 158, ante. 

(iii) Two independent (and simultaneous) first integrals are 

+ y® + {‘px + qyy = F (px + qy - ^)] 


py-q<« -q{y\ [■ 

y(l+p^+<ff W J 

The primitive is given by the elimination of 9?, f between 

^=px + qy-z, f = + 

I 280 . Fx. 2. 

(i) z = xF' {x ^ry) — F{x■\■y')■\r xG' {x -y)-G {x + y ) ; 

(ii) There is an intermediate integral x?p - q- = 2a; there 
is an integral of the equation given by 

^ = j(2a + /30 + 7. 

Jb 

For the generalisation, take 7 a function of a and F, and use the 
method of § 280, finding the relation 

0®7 

3a ' 

Use the results, of § 270 ; a primitive is 

^ = /3y--(2a + /3^)f F’ (/3 + 2Xa5‘) dX 1 


F'{fi+2\(^)e-^'d\ 


' = r F"(i3 + 2Xa^)e->^’‘dX 

' J —00 


[It should be noted that, if the first equation be written in the form 

<I>(/S) = 0, 

the other two equations are 4>' O) = 0, <I>" (/3) = 0.] 

(iii) There is an intermediate integral (.* + g) (y + p) = « 1 
there is an integral of the equation given by 

z^Fy + ^x-xy + ry. 
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For the gener<alisation, take y a function of « and and proceed 
as in the last example, finding the relation 

Take new variables a' and I3\ given by 

e=»-'=a, = 

then the equation becomes = The primitive is 

^ = -2 + ;ye“'+P' + - .r^ [ (/S' + 2Xa'i) dX = 0, 

J — oo 


together with 


3/3' ’■ 0/3'“ “ 


(iv) Two integrals of the subsidiary equations are 
(P + q) - ~ h (log q-2 log x) = a, 

«r- (^) 4“ q) — 2^.'r 4- 6 (log q — 2 log x) = /3, 


leading to 




, r= (a +/9)- 


For the generalisation, we take 7 a function of a and 0 ; the 
determining equation is 

0-ry ^ 1 /gry 9ry\ 


or takini 


The primitive is 


0a0^ 46 \0a 'djSj ’ 

dad0 


7 = J” G [0 {oL - X)} 4> (X) <IX+J^^G {« (0 - X)} ^p• (X) dx, 

where G (u) satisfies the e<piation 

d^G dG , „ 

[Both integrals of this ordinary equation belong to the index zero : 
it has an integral 


^ — 1 — 4- ^ V 1 / 'li'. Y* -j 

- 166 “ UTi View “smliWv 


12—2 
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The primitive of the original equation then is given by 




together with ^ ^ 

(v) The primitive is given by 


(« + yS)- 

= 0 . 


»*2 


■ af-e 


(8 -a) 


‘ 0 , 


■ I (3a + ^+ 2y) x ■ 


8x 


- (a - /S - 2yy -7 = 0, 


together with 
7 being determined by the equation 


?^ = 0 ^^ = 0 
dec ’ dfi ’ 


^ .1^0 
V3a d^J dadfi 

(vi) The primitive is given by 

^ = o.'y^y-'i = 0, 


3<E> d<i> 

= 0 — = 0 


4(/3-a) 


together with 
7 being determined by the equation 

'dad^'^^da'^dfi~^' 

The determination of 7 as the sum of two definite integrals can, 
as in the preceding example (iv), be made to depend upon the 
solution of an ordinary linear differential equation of the second 
order which happens to be the equation of the hypergeometric 
function F(i, — 1 , x). 

(vii) The primitive is given by 
4> = a — 6(a+/3)a:4-'|-(a — /3)® a; + (a — /S) ?/ — 7 = 0, 

together with If “ ^ 

while 7 is determined by the equation 

0^7 


2b 


dy dy 

dad/3 da'^ d^' 


The linear equation upon which, as in the preceding example 
(iv), the determination of 7 depends, is 

1 


d^O dG 
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(viii) The most genei’al integral, expressible in finite terms, 
appears to be 

z=\{x + mj) + F{x), 
where a is an arbitrary constant. 

Another way of generalising the integral 
z = \ {iv + ay) + ,S 

is to make l3 an arbitrary function of x and a, subject to the 
requirement that the equation should be satisfied. When x and a 
are made the independent variables, the equation for /3 is 

da) divda ’ 

but this is no easier to solve than the original equation. 


Miscetxaneous Examples at end of Chapter X. 

£/;. 1. An intermediate integral of the equation is p. 549 

(w + y) (p-q) + 2z =f{y - x), 
and this equation is linear of the first order. 

Using Lagrange’s method of integration, two integrals of the 
subsidiary system are 

r 

= aze ^ — e */(2y - a) dy == /3. 

Take ^ = — F (a), and substitute w + y = a; the result follows. 

(Seb § 276.) 

The second equation is changed into the first by the dual 
transformation of § 253 ; and therefore its primitive is given by 
the equations 

iJ.r 2 ^ 2F 

$ - (Z + Y)Z + | « /(2 F- a) dY = 0, 

putting a = X +Y after integratiorii together with 
0c.l> 34) Scj) 3$ . 

2/32' + 07“®’ 

3<I>_ ,.0^ 

dZ~^ dZ^^dX'^^ dY‘ 
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Ex. 2. (i) X -Y F{x + y z)=G{z)\ 

(ii) Two intermediate integrals are 

(? - p) R? + p)' + 2} "" =/(a' - 2/), 

<e + y + {'P + q)z = g{p + q). 

Let the solution of the latter equation, regarded as giving j; + q in 
terms oi X'\-y and of z, be denoted by 

p + q = u] 

the primitive is 

z {u^ 4 - 2)- = (^ — ?/) + /^t {u- 4 - 2)" - g' {u) d% 

where, after integration, the value of u in terms of x -f y and ^ 
must be substituted. 

(iii) z = 

(iv) z = F{xy) + f-Q{^-, 

p.550 (v) z=F{x + y)+yG{x + y)->r^iL^ + \if<^(x + y)-, 

i (vi) z = F{x + y) + {x+y)0{^\ 

( vii) ■ ^ = xF.{xy) + 

(viii) z = F(x + y)-\-G (af — y ^) ; 

(ix) z = F{x + y) + G(^). 

\X/ 


Ex. 3. The primitive of the equation is 

z = F {x + y) 4 xG (x 4 - y). 
The required special solution is 


Ex. 4. The primitive of the first equation is 
z = F (x-. 4- y-^) + G (x^ — y% 

A first integral of the second equation is 

{z-px){z--qy)^A. 

Ex. 5. From the equation q^ = (1 + p^), we have 

qt = x^ps, 

so that ri ““ = 0 becomes 

t {x*p^r — qH) — 0. 
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One solution is given by i = 0, that is, by 

s = yF{x)^Q{ai). 

For this value of z, we have 

p=^yF'{ai)+G'(jri), q = F{x)-, 

consequently the equation 2 ^ = a!=(l +p-) gives F'{x) = Q), so that 
F (») = a, and 

so that Q (x) = (a“ — + a log ^ 


JE.v. 6. Eveiy integral of the equation pij — qx = 0 is of the form ■ 
^. 2 + 2 /-= 6{z) or, say, 

(•^ + 2 / 0-=/(4 

When substitution takes place in the equation of the second order, 
the function f satisfies the equation 


^ dz- 


•1 = 0 . 


The primitive of this is 


jf = c cosh 


z --a 


where a and 6* are arbitrary constants; hence a solution of the 
original equation is 

1 2 
= c cosh - . 
c 

(The equation of the second order requires the associated 
surface to be a minimal surface; the equation of the first order 
requires the surface to be one of revolution. The only surfaces, 
satisfying both conditions, are catenoids given by the foregoing 
equations.) 


Ex. 7. (i) 0 = jP (e^ + e^O + - e^O ; 

(ii) y^F{cc)G{z)^, 

(hi) 

where, after integration, - is substituted for t ; 

"U 


(iv) z-x^ = F{y) + 0[^^-, 
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{v) z^F{y + 2x^-) + G{y- 2ay ^) ; 

(vi) -3^ = axF' {ax + y) — F {ax + y) 

4- axG' {ax — y) — G {ax ~ y). 

Ex. 8. The second of the equations is satisfied by taking 


and then 


da /, 9^/ • n 

^ = oosd, = sin d, 
ox oy 

. .dd .de 

— sin 0 — = cos ^ . 

dy ox 


The first of the equations is satisfied by the assumed values for 

dll j ^ -f 

^ ^ . .dO ^ .d6 . 

^ -sin^^r + cos0:5- = O. 

ox oy 

dQ d0 

Hence 7r-=^0, ^ = 0,so that ^ = a, where a is a constant ; and then, 
dx dy 


by quadratures, 


-zi = iT cos a 4- 2 / sin a 4- /3. 


p. 551 Ex. 9. Let The two equations are satisfied by 

taking 

r = a 4- 0 cos 6, 5 = c sin t = a- c cos 6, 

where ^ is a new variable. Now 

dr ___ ds ds _dt ^ 
dy dx ’ dy dx ’ 

,, , . .de .dd .do . .dd 

so that — sm ^ ™ = cos ^ , cos t? == sin 6 • 

dy dx dy dx 

TT n n 

s-"' Sj,-®' 

so that 0 = a; thus 

r = a 4“ 0 cos ot, s = c sin a, t= a. - c cos a, 
and the result follows at once by quadratures. 

Ex. 10. One intermediate integral is 
q(l+f)-^=G'(y). 

The subsidiary equations are 

^ - 
p — a. 


so we take 
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Then q = (I + G' iv), 

and 2 = ax + (1 + G(y) + b. 

The general integral is given by 

z = ax -\r(l + ar)^ G{y) + <f) (a) 

0 = .* + ct (1 + a-)~^^0(y)+ (j) (a)J 
Another intennediate integral is given by 
pz+x = F{p)- 

and a primitive is obtained by eliminating p between this 
equation and 

z (1 +_p=)- = /jo (I + p^y-F’ (p) dp + ay + h. 

The general integral is obtained by taking h = <^ (a), with 

y + <f' (a ) ; 

that is, we eliminate p between 

pz + x=F (p) \ 

(I + y# - (p) + e (!/)) ■ 

&.I1. (i)..fg') + e(f); 


(ii) This equation arises (i) by the dual transformation in 
\ 253 ; the primitive comes from the elimination of X, Y, Z between 

2 ' = xX -^yY ^ Z >1 






(iii) z-{x + y) F - y) + (u; -y)G{x + y ) ; 


(iv) 

(V) 


z = F (xy) + xG (xy ) ; 


21 


F (xy) + xG 




where, ii^fber quadrature, substituted for 
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Ex. 12. (i) xz = (y + ax) G {y — ax ) ; 

(ii) 2x^z = xF' {x + ay) — F(x + ay) 

+ xG' (x — ay) — G (x — ay ) ; 

(iii) i = J’(!,+?) + e(!,-S)i 

(iv) s = (y-aie)-G' {y) + ~{F(tj-ax)+ G (y)j ; 

(v) (x + y^z = {x + y) {F' (x) + G' {y)] - 2F {x) - 26^ {y). 

Ex. IS. The equation of the surface is 
x{y-^z)-a^. 

552 Ex. 14. (i) u + (^ + yi) -^G(x- yi\ 

where i denotes \/- 1,’ and F and G are to he resolved into their 
real and imaginary parts ; 

(ii) When m and n are unequal, the only common integrals 
are a = 0 and ^ = 0. When m and n are equal, 

where / is any function of x and y. 


Ex. 15, The complete integral of the second equation is 

Ac 

2ZTc' ''' 

Substitute this value of z in the first equation ; then 

cc' 


A = - 


c + c' 


so that the integral relation is 

C“ 

from which the geometrical interpretation follows at once. 


D cc . cc 

s — ^ x^ 7 v, 

C-& c + c'^ ’ 


Ex. 16. The equation can be written 

GdqA- Hdz + Kdx = 0, 

with the assumption that y remains constant. When the given 
condition (of integrability, § 151) is satisfied, the equation has a 
single integral equivalent ; the constant of integration, the process 
of which follows the process of § 152, must be made an arbitrary 
function of y. 
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As regards the example, the intermediate integral is 
(tv + I/) q<f> (^} = + X. 

Begard this as a linear equation in z, where y is the independent 
variable and x is parametric ; integrate this linear equation, and 
take the arbitrary element after the integration as y]r(x). The 
result follows. 


JEx. 17. Write 


dy^ az- 


the required integral is 
M = ( 1 - 1] 

i of \ , 

+ (^■~ 3I 5] ^ ^)- 

As regards the second equation, it is always possible to transform 
ia.,h, c,f, 

to the form unless 

a, h, g = 0 ; 

1h h f 

'[/,/> c 

so, save for this exception, the equation becomes 

a- ^ 9“ > n 

the integral of which has just been given. 

In the exceptional case, the equation is equivalent to two 
linear equations 

dn du dii . 

the integral of which is 

(I == F (x^ — yof, xy — za). 


Ex, 18. Let y 

the equation becomes 

’ c / dz 


'fz i 


4. S. A. a 

dx'dy' a;' +7 W dy'J ’ 


where 


6-1’ 
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p. 553 


Forming the quantities Z' of § 256 for the successive trans- 
formations of this equation, we have 

c( l - c) 




¥+yT 

{\ + c){ 2-c) 

■ {^' + yj ' ’ 


TT (*' -|- c) (i -I- 1 — c) 

~ - . ^ 

(^+2/)- 

The equation is integrable in finite terms (§§ 256, 257) if any K 
vanishes. This happens if c is a whole number, positive or negative, 
that is, if 

. ^>(2^±l)=:2^, 
where i is a positive integer. 

The primitive of the second equation is 


V^‘ ox 


^ l-f’ (2/ + ««) + G* ( 2/ - «■•>■•)} 


when i is a positive integer, and is 


li = X' 




1 

,*■ dx, 


\[F{y + ax) + G{y- cw;)} 


when i is a negative integer. 

Ex, 19. Substitute u = vlr; the equation for v is 

d"v _ _1 ^ + 1) 

0r'-^ a- r- 

the primitive of which occurs in the previous example. The 
required value of u is deduced at once. 

For the second equation, take 

r + at — x\ r — at — y] 

the new equation is 

(dw du^ 


9 . 4 . _ 

" dx'dy' x' + y' ^ dy') “ 

Next, take u = v {x' + y'y^ ; 


0 . 


then 


A 

4 .4. 


dx'dy' (x'+y'y^ 


= 0 . 
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Two integrals of this equation arc 

where Fj and (f , are arbitrary, and ® (t) is the hypergeometric 
function 

F{ii, 4, 1, t), 

that is, ® (t) is the first elliptic integral having t for its modulus. 
The primitive follows. 

Ex. 20. There is a misprint in the text ; the equation should be 
dxdy x — y\ dx 9y / ' 

It is deduced from the preceding equation by taking 

a:=x', y = -y'; 
and the primitive follows. 

Ex. 21. The method of § 270 can be extended. Changing the 
constant Z, we have 


=J_ 






Symbolically, we have 




<p {x) ; 


and therefore, taking I to be the symbolical operator we 

have 

r e~ {x) dudv 

J — 00 J -C 

= f f 4 ) (x! + 2^ auv^t^) dtidv. 

J — OO J —00 



190 


CHAPTEE X. MISCELLANEOUS EXAMPLES 


p. 554 


Ex. 22. When the transformation of variables is effected, the 
new equation can be taken in the form 

d^y d-y 

dx- dz'dx 


1 + 


dx 


1 + 


dz 


so that a first integral is 

1+^- 


dx 




4>{z). 


The primitive of this equation of the first order is 
«> + fi^) ^ F {x + y + z), 

where 


Ex. 23. Take five functions Z^, such that 

Z = z-i^Zi + ... + z^Z^, 

+ ... +^6-2^5, 

Q = (l\Zi -f . . . + (][:iZ^, 

/Sf = “f . . . + Sr^Zz ; 

and choose the functions so that Z, P, Q, S vanish. Forming dZ, 
dP, dQy dS, and using the assigned equations, we have 
ZidZi + . . . + ZsdZn = 0, 

PidZi^ ... -f-p5C^.^j5 = 0, 

qidZi + ... +q^dZ^=^0, 

SidZi -h . . . “h s^ydZ^ = 0. 


Taken in conjunction with Z—O, P = 0, Q = 0, a 5) = 0, these 
equations shew that 

^_dZ._ _dZ, 

z,^ z, ■ 

Thus the ratios Z^ \ Z.^ \ Z>^ : Z^ : Z^ are constant ; when they are 
inserted in the equation Z = 0, they give 

+ 0 * 5^5 = 0 , 

where the quantities G are constant. 


When 


^ 1 , - 2 ^ 2 , ^4 

Pu P2, P4 




qu q:i> 

^1) ^2> ^Si 


the equations 0, P=0, Q — 0,S= 0, give Z^ = 0, that is, (70 = 0; 
whence the second result follows. 
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Ex. 24. Denote the coefficient of in F by ; then 
(?u + n + a) (?u + /8) — (m + 1) (m + 9) C'm+i ,i = 0, 

(«. + VI + a) (n + y) Cm^n ~ (« + 1) (w + e) C,„,^n+i = 0. 

Write ^ = ^'1;.’ 

these relations between the coefficients G shew that F satisfies 
the equations 

('SH- y + a) (^ + /3) - - l)j. y = 0 . 

(^ + W + a) (^'+ y)-1w(W+6-1)|2/ = 0, 

which are the given equations. 

Add the two equations, so that F satisfies their sum ; take 

y3==SH“C}, ry — C I 

then F(a, S + c, — c, <9, e*, a:, y) satisfies the final equation. 

Eo!, 25. The process is similar to that in the preceding 
Example 28. Four functions Z^y Z^, Z^ are chosen so that 

Z =■ ZiZi -h z^^Z» Hh Z^^Zxx 4" ^4-2^4 == Oj 
p = 2 hZi + p>z. +p,^Z•^ + 2hZ, = 0 i ; 

Q = <iiZi + (pZ.> + qA + q^z^i — oj 

then Zi dZi + z.^dZ._> + dZ.^ -h z^dZ^ - 01 

2)idZi 2^:i^Zii ~‘{~p4.dZ^ "== O/" . 

qidZi 4 “ q,j.dZ<j, 4 - q^dZ^i + q^dZ^ = oJ 
Taken in conjunction with the earlier equations, these shew that 

dZ,_dZ,_dZ,^dZ, 

Z^^^Z.'^ Z, Z, ’ 

so that the ratios Zj^ : Z» : Z^ : Z^ are constant ; jdius 

H" ^2-^2 "h C 4 Z 4 = 0. 

But, if Zi, z. 2 y =0, 

ih, P 2 > Pli 

while Z s=s 0, P « 0, Q^Qy then Z^ = 0. The result follows. 
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Ex. 26. Differentiate the first equation n times with respect to 
X, and write 

the equation satisfied by / is 

s -P xy;p + {k 4- n) yz = 0. 

When k is a negative integer, take ^ = — k ; the new equation is 
s' 4- xyp' = 0, 

and its primitive is 

This integral contains two arbitrary functions ; consequently, in 
deducing ^ by 9^-fold integration with respect to x, there is no 
necessity for adding arbitrary functions of y in the process. The 

primitive is rc^ . » 

z = x‘^F (y) +11 ... e G (x) (dxy''^\ 

When k is a positive integer, differentiate the equation 
s + xyp — 0 

k times with respect to y, and interchange x and y ; then 
z = ^{y) + ^ ^ G {y) dy. 

p. 555 Ex. 27. (i) The verification is immediate. 

(ii) In the first equation, take = /, so that it is 

dHog2'_ , 
dxdy ’ 

and write ~ ’ 

then, integrating with respect to x, we have 

Taking F(y) = 0,wQ have S = ZP ; whence the integral follows. 

(iii) Let (f) (x) dx = x\ (p (y) dy — y'] the equation becomes 



The result follows from using the given integral of the preceding 
example (i). 
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<D = - 4 /^ + {x + /3) 3 / + (a- + + 

d<^ 


Grjx^d x 
{x + 0) 


= 0 , 


9/3 


= 0 . 


together with 

(ii) An integral is 

z = ax + Ey-r^xy. 

Adopting the process of Imschenetsky’s generalisation (§ 280), the 
equation to determine 7 is 

3-7 , 7 3“7 ,07 07 

which is a linear equation with constant coefficients to he integrated 
by the method of § 262. 

(iii) The primitive is given by the three equations 

^ = -z + ax - i*- + /3 log ^ log log a) + J’(a) + (/3) = 0, 

S^> . 9$ „ 
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GENEKAL EXAMPLES OF DIFFERENTIAL 
EQUATIONS. 

Ex.l. (i) Primitive* is 41/ = (« + A)-. 

Singular Solutionf 1 / = 0. 

(ii) Take 'px-y=Y\ then 

Integrate, and use § 30. 

(iii) There is a misprint ; the equation should be 

p{ny — px) = c. 

Pr. given by associating the equation with 

.A 1 c 

X = , — . 

^ 2ft - 1 f 

No S. S. unless ft = 1, in which case the primitive fails ; the equa- 
tion is then of Clairaut’s form. 

(iv) Pr. given by associating the equation with 

= A -f- 1- tan-i p~^ . 

l+p®* “ ^ “1+p- 

No S. S.; for the y)-discriminant leads to y - x -1 = 0, which does 
not satisfy the equation. (The student should make out the 
significance of the locus y = x + 1.) 

(v) Pr. is 2a'® - 2?/“ - a® = (2® -f A )®. 

S. S. is 2®® — 2i/® — a® = 0. 

(vi) Pr. is {x + y + A)® = 2.®-y, or ■{■>^y = ^J A. 

S. S. given by .* = 0, y = 0. 

(vii) Pr. given by associating the equation with 


NoS.S. 


X = Ap + . 

‘ p- 


* Pr* will often be used for primitive, 
t S. S. will often be used for singular solution. 
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(viii) Pr. is y — — 2aa!^ = J.. 

NoS.S. 

(ix) Take x = e» y = az-l = : then 

(x) Associate x = Api + ^cp-" with- the given equation. ■ 

(xi) Pr. is y = Aa:^ + 

S. S. is y- + ,'C' = 0. 

(xii) Pr. is (,r - y)^ = x + Axk 
S. S. is X = y. 

(xiii) Substitute y = Y^ The equation is- 
y = 8PV(4P=-l); 

use § 18. 

(xiv) Use the transfoiunation af* = X, y® = F. Pr. is 

y“ — A ti? + . 

A — 1 

S. S. is — y'^)- — 2c {a? -t- y*) + c- = 0. 

(xv) The equation gives 

^ 1 ’ 
p'-i - 1 

use § 18. 

(xvi) Pr. is (y — Aai-'f = 8A.'P. 

No S. S. 

(xvii) Substitute x = r cos 6, y = r sin 0. Pr. is 
No S. S. 


(xviii) Resolve for 21 ■ substitute x = e®, y = ze'^^. Then 

A » /.. ..si 

Iw ~ "h "h ^ j 

evaluate by the. substitution z + 4i= zu-. 

(xix) Combine the equation -with 

{p — ly X = A — p® + I p®. 

(xx) Pr. is y^ = 4A (,« — A), the equation of confocal and 
coaxial parabolas. There is no S. S. that is real. 

13—2 
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(xxi) Pr. is {y — Af. + a? = sin“ a, where c = sin'* a.. S. S. 
is = a? cot^ «. 

(xxii) Take Y = y%X- (nf ; the equation is 

P 


Y- PX = . 


r+P“' 


A 


Pr. is = S. S. is 

4 (3y - (*=+ 1)=*] \Scc^ (*“ + 1) - f} = 2/^1 - 8.'«0=. 

(xxiii) x^(y^— 2xy — ,'L^)= A. 

(xxiv) Combine the equation with arp-e = A. There is 
no S. S. 

(xxv) Substitute x = e\ y = ] Pr. is a;y {af- - y-) = A. 

dz 

(xxvi) Substitute x = e®, y = ze~-^ ; then 4 ^ = if. where 
(■u-2)'* = .s'>(3-m0“- 
, (xxvii) Substitute af — y = z. Pr. is 

— = A — [xe~ i dx. 
x^—y J 

(xxviii) - — a; = j 4 (1 — ai“)'. 

y 

(xxix) 2 /- - = Ax, 

(xxx) .Combine the equation with 

a; + A = fp'* + logjp. 

(xxxi) A Riccati equation 108-9) for which 
6=1, c = — ci“, m = — 4, i = 1 ; 
the equation is integrable in finite terms. 

(xxxii) = Ae-‘^ - aV + 2a.* - 2. 

' xy + 1 

(xxxiii) Homogeneous equation. Pr. is 
- x^ = A (y- 2x)\ 

(xxxiv) Substitute ?/ = It.*, « = « + 1. Pr. is 

, A + log(2/-®)=(|:±|y. 

(xxxv) {x — yY = Ax (x — 2y — 4). 

(xxxvi) x^yA liY + a-y — A. 
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(xxxvii) Pr. is A- - 2Ay-^ + = 0. There are two singular 

solutions, viz. 

2 / = 0 , + 1 ’= 0 . 

(xxxviii) Pr. is - A\ S, S. is 43 /® = 9.^^ 

(xxxix) The equation should he 

- xY - 2/0 + 2/2 = 0 . 

Pr. of this equation is x = y sinh (A - y), S. SAs y = 0. 

The equation, as printed, appears not to be integrable in finite 
terms. 

(xl) Pr. is ( 2 /‘^ - + ax^y =^[A+x{a- S. S, is 

y^ H- ax^ = Z)2. 

(xli) Substitute x = sinh B, y — sinh (^, Pr. is 
{sinh ^{6 + {sinh ^(B - <;6))^+^ = ^. 

(xlii) Pr. is 4a.^• — y- = (A'h xy, S. S. is y- = 4iax, 

(xliii) The equation should be 
K y {X -y- xpy (x^ - 2xy) (x - y - xpy + 2 /p- = 0. 

The Pr. of this equation is 

,^•2 _ 2xy = ^ 2 /' + 2 ■ 

S. S. is x^ — 2xy = ± 2y, 

The equation, as printed, appears not to be integrable in finite 
terms. 

(xliv) Substitute y = PX — F, p = X, x = P ; then 

-1 1 

Y^^^AXe + 

Proceed as in § 30. 

(xlv) 2 /- — 2A (y + 2x) — SA^ = 0. 

(xlvi) Eliminate p between the given equation and 

2 

y — x = Ae^‘“\ 

(xlvii) The ecpiation, as printed, appears not to be integrable 
in finite terms. When the substitutions x = r cos B, y = r sin B, 
are used, the equation becomes 

r® cos 26 + sin 20 4- r cos 20^ = 0 ; 

but apparently there is no simple integral equivalent. 
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When the similar equation .. 

xy {x^ — y^) — 1 ) 4* {x^ — nfY p + (xp ^yY= 0 

is propounded, the integral can be expressed in finite terms. The 
equation can be written 

- f) iyp + ■«) -y)+a^ {xp - yf = 0 . 

Corresponding to the factor equation xp — y — d, there is an integral 
y = Ax. 

The Pr. of the remainder is 

log (tan 2<9 + sec 2(9) = ^ , 
where x = r cos 0^ y = r sin 0, 

(xlviii) Resolve for p, and substitute c-) 2/^ — cV; 

then - c=) - + 2tt.* = A. 

(xlix) Substitute x = r cos d,y = r sin 6, k = (4a“ - 1)- ; Pr. is 
r = Ae'^^. 

(1) Pr. is x^ = Ay^ + -4^ + 1. 

S. S. is + 

Ex, 2. The differential equation is formed by eliminating o 
between the given equation and its first derivative ; it is 
4iX^ (y — ax) = 2x^ (p — a) — 6- (p — a)l 
The ^"discriminant gives 

46“ (2/ ax) = 

which is a singular solution. 

The C"discriminant gives the preceding singular solution ; it also 
gives y — ax = 0 which is a particular solution, corresponding to 
the value c — a. 


Ex. 3. Writing 


dA_ dA 
dx dy 


= A 2 ) and so for B, we have 


0 (Ai + pA.^) 4” 2 (J?! + pB^) = 0. 
Eliminate c ; then 

M=r.A,A2-2B(A,B^’hA^B2) + 2AB^JB2> 

4iBAA + ^ABj\ 

whence ZN - ilf ^ = ( 4 ^ - 4 ^ 2 ^ (AtB^ - 

the required ;result. 
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When the integral curves have an envelope, it is included in 
4 ^ 0 and therefore in LN - IP = 0 . Similarly when they 

have a cusp-locus. 

When there is a node-locus, at every point of it there are two 
values of p for the integral curves ; hence 

cAt, -F 2^1 = 0, c^2 + 2^2 = 0, 

and therefore r= 0 . Hence the node-locus is inrl^adAd in 
LN - = 0 , but not in = 0 . 


Ex. L Taking logarithmic differentials, we have 
dy _ 2xdx 



y 1 —xf^’ 

Also 

.. ^ - l—x^V 4}0s^ 

^ ■" 1+W ““(1 + ^0^’ 

therefore 

dy 1 + x‘ I' 2xydx\ 

2a! 1 aiv 


= — ^ dx 

1 — X^ 


dx 

(1 — 


Then 


Ex. 5. (Compare Misc. Ex., ch. viii. Ex. 5, p. 371 in the text; 
a general method of solution is given p. 126, ante.) 

Take the curve ??“ = 1 + and the line 97 = + c. They cut 

in three points; let the abscissse be Xj, Xo, —a. Keep a fixed; 
simultaneous changes in Xi and ^2 will change m and c. Now let 

/(O = + 1 - + cf = (I - X,) - a;.) (f + a). 

Al + B_^AX + B 1 

T(0 '/'w r--^’ 

where the summation is over the three roots of thus, 

taking the coefficient of I on both sides, we have 

^AX+B_^ 

" /'(!') 

Now 2 j; dri = drj = md^ + ^dm + do, 

for simultaneous variations ; hence 

d^ _dri _ ^dm + do _^dm + do 
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Taking A = dm, B = do, we have 

dcci dxz _ A 

or, as a is kept constant, we have 

dxi dx« _ Q 

as the differential relation. Further 

Xi + X2 — a = m^, XiX.^ — axi — a.®2 = — 2am, ax-^x., = 1 — c- ; 
and therefore 

(x-iX^ — ax-y — ax^ = 4 (,«i + aig— a) (1 — axix.^, 

is the equivalent integral I'elation. It is the required integral, 
with a as an arbitrary constant. 


Ex. 6. Taking F = v ~ 

® y-\.K{x + y-h) 

1 dY _ ( 1 _ 1 \ 

Y dX~ \x-ci x-bj’ 

whence the result. 


When \ = 0, Pr. is 

A + 

When X = — 1, Pr. is 


y a-b 


1 , x — h 

log ■ 


x — a 


A 1 I x — b 

{X — a') {x- b) a-b x — a' 


Ex. 7. Take/(a;) = — 1. The equation for z is 

(^x a) (a* h') z * a") ~|- (,x • — F -p 2 a — 0. 

Pr. of this equation is a = iJ {x — a)= + (7 (x — b)- ; hence 

2v = - ™ ^ (x-a f + {x -by 

a' a (x— a) + x — b' ’ 


leading to 


2y + a! — a_ 1 x — b 
2y + x — h A x^^ ’ 


in agreement with the preceding example for X = 1. 


When a = b, Pr. is 
2y = 


A (x — a)® 4 - (x — a) 
2A{x - a) + 1 
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Ex. 8. The genoriil equation of the first order is F{x, y,p) = 0. 
Resolve for y, and let the result be 

y = ])a!-¥f{x, p). 

The primitive is to be 

2/ = ««+/(.*, a). 

But p = a ; so • = 0 ; i.c. / («■, a), and therefore f(x, p\ does 

not involve x. Accordingly, the equation is 

y =px+f(p). 

Ex. 9. By hypothesis, the equations f(x, y, p) = 0 and 
<^(®i ®) ~ ® coexist. Ap{)ly to both of them the transformations 

of § 30 ; then the e(iuatiouH 

A‘P> .ry -p, .*) = 0, ^ {p, xy-p, c) = 0 
coexist. Hence the result. 


Ex. 10. By reciprocation with regard to y^ = 2x, the two 
equations 

v- y •■= P - x), ly - f - X = 0, 

must be the same (§ 30, Note ) ; hence 

r-’, 

j) p 

Thus (M' = — * dp, dX = -- — ~ dp -dx = — ^ dp, 

pi p pi p, A. 

1 

so that P = . Hence, wlum tlu; equations 

f{x, y, p) = 0, (f> {x, y,c) = 9 
coexist, the ecpuitions 

(V 


^ Vp y 


0 , <^['i-x, 0 

^^p p’ 


coexist; whence the result 

For equations of the second order, let q =» dhjfdx\ Q = d^YjdX^ 
From Py = 1, we have i/dP + Pdy « 0, i.e. yQdX + Ppdco = 0, or 


Qq 


1, w. « 1» 
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561 


Hence, when the primitive of f{a), y, jp, g) = 0 is known, we can 
deduce the primitive of 

jP y qf) 

Pr. of given equation is 

ye ~ = A + B Je~ ^^dx. 

Ex.n. (i) y = Ae^ + Be^ + ^\e-^+^xd‘^‘, 

(ii) y = Bx + A(l + - Ax log [x + (1 + x-)^ ; 

(iii) y = Ax + Bx^ cos ( a + log ) + ii? log « + . 

(iv) y = {A+Bx)e-=‘ 

+ {(i.' + B'x) cos (x V3) + (^"+ B"x) sin (x V3)} 



(V) 


log 


^ + 2/ 
w 



, .BO 


(vii) 2/e-®-4®* = ^ + 5Je-2«- dx ; 
(viii) y = x~i ^^A —^J sin 

f 

4“ -ji? ij 

(ix) y=AxAl-^.x^-V-. J-. 


x~^ sin xdx 


srta’j- 


f 4.7® ■^4.8.7.11'" 4.Tf2.7.lTT5® +••■ 


+ ■ 


B 


■, 1 .. 1 
' 1 . 4 * ■'■ 1 . 5 . 4. 8 


:*‘-i:5.!).4.8.12*"+-f' 


(x) xy = A B log x+^ (log x )- ; 

(xi) ye-i^'‘ = A + Bj x--e - ® “ i®'* dx ; 

(xii) Change the variable to z, where z = cos x ; then 

y = .4 cos + il sin £: + I ^ sin z. 

(xiii) y{l+x + x^)-i=A+Blog^^^-^-, where &> is an 

^ cr — ft)-* 

imaginary cube root of unity ; 

(xiv) y = Ae'^^’^B(oif + oc + 2); 

^ (xv) 2/ = a;=(^cos^ + 5sin J); 
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(xvi) y — A cos («-*) + B sin (e-») ; 
(xvii) 2/ = -4 cos(sina5) + jBsin(sina:); 
(xviii) 2 /e = Ax~" + Bx^ — + ^ ; 

(xix) Take z = x + l; then 


yz- 

? + 2 ^ 


B + A 


A +3^ 3 , s 

P + 2 72 


(xx) Sec second part of Ex. 10, p. 202, ante. 

d 

(xxi) Taking and proceeding as in § 114, the equation 

can be written 


^ 2) + 2) (^ + 3) + ^ ~ 1) + 1)} y - 0. 

Let y == + . . . ; 

the critical values of /a are given by 

Ac(/^- 1)(/.4.1) = 0, 

and the relation between the coefficients B is 
B.^n-^'j. (/^ 2/?/ — 4) 4- 2'72.) (//, + 2/i -4-1) 

= — B.,ti (/^ + 2?i) {fi + 2n — 1) 4* 2n -f 1). 

The value fa = O gives 

2/ = ^ (1 + 2a?2}. 

The value = 1 gives 

If 4 X (1 -f = Bx. 

For the third special integral, belonging to — 1, proceed as in 
§77. 

07' Use the Frobenius method, in the Supplementary Note I 
at the end of Chapter vi. 

(xxii) A particular solution is y = x ; use § 58 : Pr. is 
y. _ \'od^e^^-dx=A +Bfx-^e^^'--'^'dx. 

X ' 

(xxiii) Multiply by cos.r; the equation is 

y'' cos w — sin x 4- 3 (y sin x y cos x) = tan^ x, 

leading to 

^ . fsin a? — ^ cos x , 

y sec^ X 4- A (tan x + } tan^ x) 4* --—-zrrTrz 

(The last integral should be evaluated.) 

(xxiv) j/0 = J.e“ + Be~‘^ ; 
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(xxv) A particular solution is y — x, when the right-hand 
side is zero ; use the method of § 58 ; Pr. is 


y. 


■ B + A 


/■ 




dz 


-T^e- dz r ei"' (u log u) du ; 
J z j 


(xxvi) The equation should be 

(4a;® - - g,) ^ + (6a,'® - y.,) -|- «®y = 

Take a new variable dti, given by 


0 . 


du = (4^-^ — g^oo — dx, 

[In effect, x^ g>(w), the Weierstrass elliptic function.] Then 
y = A cos nu + B sin mi. 

(xxvii) A particular solution is y-X'l(x-l), obtained by 
substituting y = Vy\ and determining m and n, so that the 

equation is satisfied. Pr. is 

X) r> . A ici 2^^’ ”” f 

y =B + A -(2 log — 

tU”* 

Or reduce to the canonical form (§ 60), which is 

^ 2 
dx^ x{x^l)* 

of which z-x(x—l) is a particular solution; use the method of 
§ 58, and obtain the foregoing result ; 

(xxviii) Let u = xy ; equation for u is 


^ X — 1 X {x - l)j ‘ 
), whic 

^ = 0, 


d-ii du . - . u - 

S-S+'C' + Op-o, 


the primitive of which is given for Ex. 19, Misc. Ex., ch. v (p. 
ante ) ; 

(xxix) Let F (n) denote 

n n 1 , 2 ®n(n-l) 

l{2n-2) ^2!(2«-2)(2w-3) 

y = AF{n)-^BF {-n-l)\ 

(xxx) y — x{Acosx + B sin x ) ; 

(xxxi) ye = A B Je (2ic — l)~^dx', 


Pr. is 
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(xxxii) Denote the series 

+ CiiC“+i + ... + CpX'>^+*P + ..., 

where the constants c are connected hy the relation 

(m + 4,p) (■»/, + 4p - 1) (ni + 4^; - 2) Cp = aCp^^ 

(co — l) by F {m ) ; the primitive is 

xy = AF (0) + 5F (1) + (2) ; 

(xxxiii) xy = ; 

(xxxiv) A. paiticnlar solution, obtained as in (^xxvii) ctYitfij 
is (1 — *) (1 ~ 2.*)^ ; use the method of § 58 ; Pr. is 


(1 - 2*)^ 


■ A + B 


+ 2 lo« ir-M . 

-X^ “5 1 _ ^ I . 


(xxxv) 




' 2) log («- 2); 


(xxxvi) ■ Change the variable (as in § 63) by the relation 

+ P/ = 0, 


Pr. is 


3s/2 = lx-^(iA-l)idx; 
y = Ae^ + Be '~^ ; 

(xxxvii) ?/e ” = J. + ^ J ~ dx ; 


(xxxviii) Let a and /3 be roots of ^ - 1) + 60 + c == 0 ; 

Pr. is y^ax ^ Ae^^ + Be^^. 

(The case when a = yS should be discussed.) 

(xxxix) y = Ax 4- Bx- 4- J log ^ 4 x^ log x ; 

(xl) xy A {x — 2) + B (x %) e"”* ; 

(xli) y = Ax 4* B cosh""^ x ; 

(xlii) A particular solution, obtained as in (xxvii) ant^, 
is 2 / = xj{l 4- x). Substitute y = ux,j{l + x ) : then 

u = A+B(-^ + \og!^-^A j'^^^-log(x + l)dx. 
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p. 563 


Bx.1% y = x{Amix + BaosxA- Gx). 

Ex. 13. y = {A + 

Ex. 14. y=-Ax + B sin x + cos x. 

Ex. Ih. y = {Ax + B) (sec a;)^. 

Ex. 16. Using the method of variation of parameters (§ 65), 


■we have 


dA . dB . dA •! dB . , ^ 


dx 


Resolve for ^ ^ , and integrate ; the result follows. 
dx dx ° 

Ex, 17. Let and write xy —%ny — %L The equation 

for u is 

so that, when a = 2, u — 


and therefore 


1 


(jle“ + Be-'^) ^ . 

X- 


.2 = ^ + JC 

For other values of n, we have 

^-^cV + (2'/^~-2) 2 /" = 0 , 

that is, 


u'" — c^u' + (2??/ — 2) ~ = 0. 

X 


Hence 




d ^ _ yn- i 

^2riy ’ 


dx\. 


or, writing x’^z = 1, we have 

- 2 ^ {z^yn) = 

Let T denote ; then 

(- 2 )’^ Z^%, = ]T {dzf + Gn-^ + Cn^^, 2 : + . . . + C^Z^^^K 

Substitute, and equate coefficients. Thus 

3/2 = l'J(Ae^^ 4- £e-^) ~ + Cx^ - iV • 

Ex. 18. Write ^ — equation for u is 

xv!' + (a + 2) -h bxu = 0, 

Avhich proves the first result. 

For the primitive, let a = 2n; then 

■ ^ S ^■) ■ 
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BjX. 19. lake x — coshw, so that |• = e“J the equation in. y 
and u is 

g+cothu|-n(,, + l)2/ = 0; 


so, if 2/ = 'Jje'"”", the equation for is 

- (2« - coth u) ^ - M (1 + noth «) ^ = 0. 
Now let ^ ; the equation becomes 


(1 - ^ + {i - + 0^ ^ 

a hypergeoinetric equation for which 

a = - n, ^ 7 = i 

Ex. 20. Let y = 2 cos ; the given equation is 

cos 5n = 2^6* — 1, 

so that the roots y are of the form 

cos cos {u + |-7r), cos + -fTr), . . . , 
five expressions linearly expressible in terms of two quantities cos u 
and sin u, so that the differential equation for y should be of the 
second order. Now 

5u = cos""^ (2x — 1), 


so that 


^du 1 

{x — x^)^ 


and therefore 

consequently 

cPy 

dx“ 


dy , . 1 


1 . . 1-2^6- 

■ cos ll . 4 sm - 

X — X- 


^ 1 ^ 1 2^ 

^ ^ — x^ ^ dx X — X“^ 


leading to the given equation. 


Ex. 21, When the given equation possesses an integral f{xlm), 
then 


1 



■ d) (iJ?) ~ ^ W/ ~ = 0; 


so that /'' iz) + rncj) (mz) f' {z) + (mz) f {z) = 0. 

Similarly, from the integral f(xjn\ we have 

r (/) + n<l> (nz)f (z) + n^f (nz)/(z) - 0. 


p. 564 
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Hence 

Fnrther 


2/1 = 


+ Vii 

mcf> {mz) yi + 77 i-'\}r (??iz), 


_ (nz) 

f(z) m(f> (mz) — mp (nz) 

/(^) 

/" (•») 

that is, y/ - yi" = - = - ' 

leading to the theorem. 

There is an obvious failure when m == n. When m = — 77, the 
numerator for is an odd function of ,2^, and the denominator is 
an even function of z\ thus f(z) is an even function of 5, that is, 
/ {xjm) =/(- xjn) =/(xfn), 

aud so the given expression is not a primitive of the original 
equation. 

The primitive of the final equation is 


y 




Ex, 22. Take ^ = (1 — ; the equation becomes 




dz 


• • i;S2/ = 0, 


a hypergeometric equation for which are the elements. 

The primitive follows from § 115. 

Ex, 23. For the first part, substitute x = ^ in the equation 

of the hypergeometric series for the given function. Then take 
^11-^1 Q constant factor being irrelevant for this part of the 
question) ; the equation becomes 

For the second part, use § 143, viz. 

F (a, /3, 7, x) [ (1 - ^ly ^ n _ dv, 

J Q J {) 

and the result in Ex. 6, Misc. Exx., ch. vi (p. 81, suprd) ; writing 


and 


2 z = x-^ 

X 

— 1 

^ “ 'W + 1 ’ 

where v. = cosh we obtain the required expression for Qn (<2^)- 
[Consult Heine's Kugelfunctionen, voL i, p. 232.] 
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Ex. 24. The first part of the question is mere substitution and 
differentiation, having regard to the fact that 

T == AE,{z) + BY,,{z) 
is the primitive of the equation 
d?T , 1 (IT 


(is- z clz 


+ (i-!^)r=o. 


IS 


+ 1 ; = 0 . 


For the two succeeding integrals; (i) take m = n, Pr. i 

(ii) ni — ~ Pr. is 

y = X - 4" [AE, (x^) + .BF„ (^ci)}. 

Ex. 25. After § 111, take y = 1 ~ so that 

V ax 

drv 

= 0 . 

ditr 

Let X = I zr I the equation becomes 

d-v 1 dv 

clz- z dz 
Then if v = zt, the equation for t is 

dH I dt (\ 1\ 

-?)'-«• 

so that t = AE 0) + BY^ {z). 

The required e.xpression follows. 

Ex. 26. Write .xy = « ; the final equation is 

dhi, „d-u „du\ . 

obviously satisfied by every integral of 

-^^-,ru = 0, 

which is the inidcllc e(.|uation when u = xj/. The primitive is 




3 

r— ■ + 
n 7i/ 




6x^ ^ 




As regards the first equation, let be the primitive ; write 
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The equation for u is 

„ 2m , 
u' + — u 

SB 

and so the equation for ym+i. is 




y" + '-{m + l) y — n^y = 0, 

similar to the original equation, with m + 1 in place of m. When 
m = 0, the primitive is A cosh nx + B sinh nx ; hence the result. 


Ex. 27. In the result of § 112, take n = 1, change ^6* into ix, 
and then write n for m. The old primitive becomes 


y = 


X dx) 


X 


or changing the constants, we have 


y r= 


1 

X dx) 


sin X 


B 


cos X 


X X 

(There is a misprint in the text; m should be n.) The special 
constants can be merged in the A and the B respectively. 


Ex. 28. Let M be the greatest value of B within any range 
of X, so that M is finite for all finite values of x. Then 
Q^B < \Mx^ numerically, 
so BQ^B < and therefore 

Q^BQ^B < ^ numerically ; 
and so on ; thus the first expression is numerically less than 
. 1 4 - \Mx^ 4 * ~ ilfV + . . . , 

that is, than cosh ; thus the series converges. Denote it 

by yi. 

Similarly, the second series is numerically less than 
ilf”^sinh(iM% 

and therefore it also converges. Denote it by 2 / 2 • 

dP' 

Since ^ as a combined operation, is equivalent to 1, we have 
^ = 5 +BQ^B +BQ^BQ^B 
+ BQ»Bx + BQ^BQ^Bx 
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Ex. 29. The indicial equation is p (p + 72) = 0. For p = 0, the 
relation between consecutive coefficients is 

(jP 4" 1) (_jp + 22 h- 1) -l~ A.p == 0. 

Taking J.o = 1, we obtain y = <pni^) as the corresponding solution 
of the equation. 

->/ - <f^n(x) 

so that, from the equation satisfied by 

, 1 1 (t>n 

n + l = 

'W’n (j)^ 

Again, differentiating the equation, we have 
xy'" -h {n 4- 2) 3/" + 3/' = Q. 


Let 


Let 




= — ^ ^ +1 (^) . 
4>n+i (X) ’ 


also <l)n (x) = — <f>n+i (x), SO that 

u. 


_ <l>n' (x) 

■Jl+l — T~F7~^r y 

(pn {x) 


and therefore 
Thus 




XUji^i . 


lln — 


n 4 1 — XU.) 


'■n+i 


72 + 1 - ?2 4 2 - n + 3 - ■ “ ■ 

From the initial equation above, ive have 

~ f 

cj)n (x) = Ae J ^ 

To determine A, let = 0 ; then, as <f)n (®) = ^ » we have 


<!*>«(*') = ^,6 


f ® 

- / xi^dx 

J 0 


Ex. 20. Wehav( 


y' s- g«JCOta 4. y cot a ; 
if sm^ X ^ ' 

y'' — f cot*^ a) y. 

^ Vsm^^ 


I. 566 
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For general values of a, the primitive is 

y sin cc = A sin {cc — a) + B sin (« + a) 

The primitive of y" = U 

is 1 / = ^ cot a; + jB(a'cot a; — 1). 


Ex. 31. Let y — u{ai^ — 1)“” ; the equation for u is 
{a? — 1) — (2?i — 2) xu' =■(»!. + 1) (m + 2?i) -u. 

Differentiate this equation n times, and write v = ; then 

(a 3 = — 1) v" + 2ar« = {tn + n) {m + 7i + 1) v, 
which, being Legendre’s equation of order m + n, is satisfied by 

Hence a value of u is 

flm 

“(^‘) = ^ {(a^- 1)“+”}, 


which gives the required value of Km 0^*)- 

To obtain the expression for substitute in the w-equation 

T 

'16= ^ dtj 

X — t 


determining T if possible as a function of t alone, so that the 
equation is satisfied. We must have 


/(i-! <). - /(-» + 1) (”• + 2.) /z-, <!«. 

Integrating by parts both the integrals on the l(3ft-hand side until 
only the first power of {x — iJ)“^ remains, we have 


+ 


f r {2 «-(to+ l)(m + 2?i)} T- ^ {(2>i + 2)tTl + 1) Tj] di = 0, 


the expression outside the integral sign being taken between 
limits to be determined. 

The subject of integration is 

T'^ - (2/1 - 2) %T - (m + 1) (m + 2n) 1\ 
which vanishes if T - u {t) — (t- — 1)’^ Km (i) J 
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and then the quantity outside the , integral vanishes if the limits 
are 1 and — 1 . Consequently we have a solution 

Ex. 32. (In the equation the sign of If should he changed.) 
Take y = ; the equation for u is 

nf' + — 

X 

Then (§ 136) we have (p(t)=i — If + i-, xj/' (t) = 2m ; so a solution is 
n = Aj (If- dt 

between constant limits determined by 

(h- - t-y^] = 0 : 

that is, we take the limits to be and — When t = h cos 6, 
the limits of 6 are 0 to tt ; omitting a constant factor, we have 

y = / e^>xoos e Q 

J 0 

Ux. 33. We have 


y" + (m^’+ m‘) 2 /= j oos(77ixcos(p+nxsm<p+0)(7?ismcj!> — 7ieos(f>ydcf>. 
Multiply by x, and integrate by parts : then 




(771 sin<j& — 72 cos<}f))sin(?? 2 tX‘cos cf) + '7ix sin (f> + 0) 


and so 


T 

+ j sin ('iiix cos <j) + nx sin ^ + d) («^ cos + n sin 6 ) d<f> 
J 0 

= — ??■ sin (— mx + 8) n sin {mx + ^) ■“ ^ > 
xy" + y' + X (m- + 7f) y= — 2n sin 6 cos mx. 


Ex. 34. Write x = 2^: — 1 ; the equation is 

z{l-z)y" + {l-2z)y'-\y=0, 

a hypei'geometric series equation for which 7 = 1 , a = jS — \- 
Thus (§ 143) one solution is 

A f (1 - v)~^' (1 - zvY^dv. 

J 0 

Another integral is obtained by using any one of the equivalent 
integrals in §| 120, 121, 124' and noting that the foregoing integral 
is a constant 'multiple of F (a, /S, 7 , z) for the values of a, /3, 7 . 

The second part is differential substitution ; and the third is 
algebraic substitution. 
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Ex, 35. With the notation of § 136, 


so a solution is given by 


'/■ 




^Xt 


AtUi 


e*’- f 
2t 


1 dt, 


or, taking — a, solution is 

de 

within the limits [e “ ^ 0^“] = 0. 

One limit is 0 = 0 ; the others are given by 0^' = oo . Take 6- equal 
to f, o)f, in turn, and combine the constants A, The result is 
as stated. 


567 


Ex, 36. With the notation of § 136, 

(i) yfr (t) = (n> + 2p + 3) — (n + 1) ; 


because 


n|r(^) ^i4-l p + 1 jO + 1 

<f(t) ~ t ?+T 


a solution is y — t^y dt, 

between limits ( I - f = 0. 

Possible values are 0, 1, — 1, — oo ; take 0 as the lower limit, and 
the other three in turn as the upper limit. 


Ex. 37. The indicial equation is p (p — jo - 1) == 0. The relation 
between successive coefficients is 

A = (P + M - n i) (p + fJ'-n) . 

{p+/,+]^(p+fr-p)^^^- 

For p = 0, the series finishes when jju = n < p ; 

p=p + 1, the series finishes when p + l+ fM^m>p, 

Ex, 38. The primitive is 

y^A{x + l)-{- + Ox^\ 


Ex. 39. If the lowest powers of x in u and ?; are the same, say 
aaf^ and cx^ respectively, then writing 


y = A' a + , 


we have new quantities tf, w — in which the lowest powers of x 
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are not the same. Accordingly, we can take (without loss of 
generality) 

u = (1 + positive powers of x), v = zr" (1 + positive powers of x), 

where m > n, and the coefficients of the lowest powers are absorbed 
into A and B. Then as 


we have 


u'' + Pu 4- Qa = 0, v" + Pv' -\~Qv = 0, 

p ^ V It" - uv" n - uv" 

vic'—ttv' v'u-'vu' ' 


When the values of u and v are substituted, and a non-vanishing 
factor m - n is removed from the numerator and the denominator 
of each fraction, we find 


P = — -f 1 4“ positive powers of m 
(1 + positive powers of ^ ' 

Q = — powers of or. 

(i + positive powers of w) ‘ 

Hence there is no factor af^ in the denominator of P and no factor 
in the denominator of Q. If m + = 1, there is no factor og in 

the denominator of P; and corresponding conditions will make 
only or even in the denominator of Q. 

Similarly for any factor x — a in the quantity — u'v : we 
merely arrange u and v in ascending powers of ~ a. 


Ex. 40. One solution of the equation is {ix^ ; the condition 
that this shall contain only integral powers of x is that a shall be 
a whole number. 

When a is a whole number, the other solution is given by 
the results of § 105 ; it possesses a logarithmic infinity at the 
origin. 


Ex. 41, If the equation has a polynomial solution, arrange it 
in descending powers of x, and substitute; denoting by x^ the 
highest power, a necessary condition is that p (a positive integer) 
should satisfy the equation 

Ap (jp — 1) + Pjt) + J?" = 0. 

But the condition is not sufficient ; for it does not secure that the 
descending series, which begins with terminates with a positive 
power of X. 
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In order that the complete primitive should be a polynomial 
it is necessary and sufficient that 

(i) both roots of the equation - 1) + jD|) + i?’ = 0 should 
be positive integers ; and 

(ii) EjB should be an integer not greater than unity, and 
such also that 1 — {EjB) should be not greater than the greater 
root of the preceding quadratic. 

Ex, 42. The primitive is 

(1 — ,^‘)i + Bx'^ (1 — x)i. 

If and V 2 be two linearly independent primitives with constants 
and Bi, Aq and B,., then 

X _ jB.jVi - BjV.y 
1—x 

from which the result follows. 

568 Ex. 43. (i) Let -f + hyi = 1 : then 
(ayi + Ay.) y/ + (Ayi + y/ = 0, 

(ayi + Ay. 2 ) Vi' + (Ayi + 6yo) y/' + ay^ + 2Ay/y/ + hy^ = 0, 
so that, on substituting from the equation for y^ and yB and using 
the earlier relations, we have 

ay/- + 2Ay/y./ 4- Ay/- = Q, 

Hence i ^ = Oy/ + %/) v" + ik/i + HD vD 
= - P (ayr 4- 2%/y; + &yP), 
on substituting for y/' and y ^ ; that is, 

f+2Pe.o. 

Again, we have 

where (? is a non-arbitrary constant, so that 

?/i' ^ 2/2' = 

Ayi + Ays - (a-yi + Ay,) 

Also (Ayi + Ay,)^ -f (ab — fb^) y/ = A, 

and therefore ^ = Oe ” 

{b-{ab-h^)yD^ 

the integration of which gives yi ; and then 

+ (6 - (ab - h^) 
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(The method adopted for Ex. 44 can also be used for the pre- 
ceding example by taking the relation in the form = a.) 

(ii) We have 

( 2/1 + yi + ( 2/3 + a) yi = 0, 
and (yi - 1 - h) yl' + (y., + a) yi' 4- ^^yi = 0 . 

In the latter, substitute for y/' and y/' from the differential equation; 

then 

= Q ( 22 / 12/3 + ayj + by^) 

== — Q (2c + ayi -|- by^. 

Differentiate again, and substitute for y" and y/' ; then 

d’ 

Now y-iVx —y\y‘l. = Ge~^^^^ , 

,, , 2 /,' yi 

‘!h + b - ( 2/2 + a) 2y^y,^ 4- ay^ + by^ 

C-g-JPda: 

( 2 c 4 - 0 .^ 14 - 62 / 2 )’ 

Accordingly 

(2c-)-a.v/4- 62 /-)" «^) = -yiV= 4Q (2c 4 oy^ 4- 

and therefor (3 

(2c + ayi + 6yo)‘* = 2 (c — ah), 

y 

which, with the initial equation, determines yi and 3/2- When 
their values and the values of 3// and 3/2' are substituted in 

(1 4 - 2P j 2/iV/ = (oyi' + by.!), 

we have the required I’elation. 

(iii) The values of y, and 2/2 are given by the equations 

2 / 1 “ + yi = 1, 2 Ay 2 = 

and the condition is 

The analysis follows the foregoing lines. 
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Ex. 44. By taking linear combinations of y-y, y. 2 ,, y-i, which of 
course are integrals of the equation, the relation can be trans- 
formed into yi = y^y-,> 

SO that we may take 2/0 = %i, = t^yi* We have 

Since ^2 (= tyi) is a solution, we have 

ty^' + U'yi' + + ry^ + P {ty^ + ■f!y^ + C^ty^ == 0, 

that is, H- P^^Vi = 0. 

Since y^ (= t^y-^ is a solution, we have 

+ UHyi^ + 8y/ + 2t'^) + y^ {m'" + QtT) 

^ + P (t^yi + ^tt'y-s) - 1 - Qt^yi = 0, 

that is, my^' + 6yi' (tf + 4- y, {2tr + 6tY) + 2Ptt'y^ = 0. 
Eliminating P between the last two relations, we have 

Qyit^^ + ^t't ^yi = 0 , 

A 

and therefore 2^i = ? 

where A is any constant ; and therefore y^t' = At, 2 /// = At\ so that 
the equation is solved when a value of t is known. 

Substituting this value of yi in the two foregoing relations, 
we find f'" /"a 

P = 2V-3|,,. 




+ 3 




Hence ^=2Q; 

dx 

and t is any solution of the equation {t, *} = -^P. 

The primitive is (By + + B,tff‘)l1f. 

See a memoir by the author “Invariants,...,” Phil. Trans. 
(1888), pp. 377-489, §§ 81-84. 
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and therefore P = ^ == _ 2 - , 

s z 

r7P z" f9'\^ 

Consequently ^ 7 + ^ (-) = 2/ + 

■which is the result. 

Boa. 46. For first part, see § 58. 

/ 

For second part, take (after 1 110) 2 / = — — ; the equation for ^ is 
/^h-P/ + Q^ = 0; 
and now use the first part of the question. 

For the third part, we have Q = — 1, P = — ; so that 

^ ^ ^ (/ — 5 ) = 0. 

A particular solution of this eqiiation is so that a particular 

integral of the Riccati equation is y = — 1 (as otherwise is obvious). 
Hence (5 110) we substitute 

y = — 1 + “ ; 

o -y 

and we find = A — / dx. 


Ex, 47. When the variable is changed from x to z, the new 
form of the equation is 

>/' - V'^ (/u + 3| - 3/,^ + f^y) + ( 2 /, - ^ - f,-y) 

-3y'(/iy-l)-2/=0. 

Choose / so that /i = - > and therefore /= logy. The equation now 
becomes y" — y= 0, 

so that y=Ae^ + J5e-^ 


AeF 

thus y“ - j“_ jjg-x ■ 

Making the same change in the second equation and choosing 
f=z — y% we obtain the transformed equation 


dh) , dy 


= 0; 


y = A + Blog z 
= + P' logy. 


so that 
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p. 569 


48. A first integral, under the given condition, is 


djV 






0^ ! 


and the primitive is 


2?" = 0 [sech {f (Q 4- a)]]^. 

Eoo. 49. The two values of n are - -y-, — y ; the primitive is 
(«, c,/, g, h $ X, y, 1)'= = 0. 

(The equation is the differential equation of the general conic ; it 
was first obtained by Monge.) 

E^ 50. (i) Write = z, x = ; the equation is 

d&‘ -/e)> 

g^' = a+i..= + 2(/e)d^. 


so that 


(ii) The substitution for the first of the equations is 

= y (a 4- 2&c^• + cx -) - . 

(iii) We have 

h {ax‘^ 4 - U.xy + hf 4 '^gx + 2fy 4 o) 

= {hy 4 hx 4 Gx^ 4 ^Gx 4 A, 
so that, if F = &2/ 4 hx 4/, we have 


~ + Ox^ + 2Gx + A)- 0 , 


and therefore 


(0cc^+20x + A)^^; = h^ 


Xr ^ 

w+1 

(0.^•-4 2(?^^;4AF 


which is of the preceding form. 

Ex. 51. (i) y 4 log ^cos “ 4 A j = i?. 

(ii) Write x = 6®, ?/ = = dzjdd ; the (equation is 

dp 


that is, 


r *-l) + ?(5-2)-o, 

: \ 

1 + 2 = 0. 


d^z , dz 

de^ * M ' 
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This is satisfied hy the two independent (but not simultaneous) 
equations 

?A _ O / -.In 


which lead to the respective equations 

-;f . 4 X 

y- — Ax'^ — x", 

y- — Bx'^ = — x '-^ ; 

hut these equations do not coexist. Still, it would seem from 
these forms, as if a primitive in finite form exists ; I have not been 
able to obtain it. 

(iii) A first integral is 

— Zpx A x^~ A' : 

resolve the cubic for ji), and use the method of § 18. 

(iv) This is Riccati’s equation, § 108. 

(v) A first integral is 

{q + zy 


(j -jr 1 


e=:A, 


where x = e^, dyldO = q ; resolve the quadratic for p, and use the 
method of § 18. 

.. ... 1— Aa’ — 

(V,) 


dx. 


(vii) A first integral is 
dy 


dd 


= A‘f + ly + l, 


where ;« = e® ; so the primitive is 


I Ay’ 


dy 


+ ^y+ s 
A trivial solution is y = constant. 


- = J3 + log X. 


X + 2 


(viii) The right-hand side should be n ^ ; the primi 


tive is 




= BAAe^-n 


/' 


a? x+l 
«c4 i 


e-^dx. 


(ix) cosh“i ^ B + A cosh-^ - . 

' ^ n ft. 
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p. 570 Eco. 52* The given curves are 

^ 2k\ dr ^ f k\ . . . 

Their orthogonal trajectories ai-e 

2k\ „dd a ( ^\ ■ a r. 

J j ^ cos ^ + (r - -j sin ^ = 0, 

that is, ^ r ) cos ^ sin ^ = 0. 

Multiply by 2 sin 6, and integrate : then 

fr- 4" 2 sin^ 6 = constant. 


Ex. 53. The given curves are 

dr 

(j^n _ (^n 0Qg ^ ^-^ 0 ^ 0. 

Their orthogonal trajectories are 

dO 

_ c&Ji cos nO) r- ^ — aV sin nd = 0, 


which can be expressed in the form 


n n cos 7id dd 
r sin 710 dr 


cos 710 — sin 710 


dr 


,^-^0 _ glh 


= 0 . 


Integrating, we have 


sin 710 

(>Qg ^^0 _ qU 


= constant == cot 


7 > 


which is equivalent to the given result. 

(The result is obtained less artificially by using a property like 
the first property in Ex. 57 below. Taking 

we see that the curves p = constant, a = constant, cut ortho- 
gonally. Now 

p 2 _ cos 9 ? 0 

^ sin 710 

tan CL — ■. » n > 

r^^ cos nd - 


hence the result.) 
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Eco. 54. Let x, y denote the place as a point on the curve j 
y the place as a point on the trajectory. Then 

dt dt ' dt dt'^ da dt' 

9 <^ da 

dt dt ’ dt dt da dt ’ 

when these ai'e substituted in the condition 

dx d^ dy dt) _ 
dt dt'^ dt dt^ ' 
the general result follows. 

The equation, for the particular example, becomes 

„ da df . . 

a- — a -T7 sin 35 = 0, 
dt da 

thotis. 

a da sin t 

hence the orthogonal system is 

da — log tan it = constant. 

J a da ° ^ 

JEx. 55. Use the property of Ex. 57, and take u, v as new 
coordinates. The given system is 


d<p . ^4 dv _ ^ 
d'u dv du'^ 


For an oblique trajectory 


I + tan a 


thus the equation of the oblique trajectory is 

d<p d<l> dv 4* da tan ^ 
du dv du — dv tan a 


Ex, 5^ We have ic + ~ + - + 2'y = 0, 

X X 

and so the differential equation of the circles is 

1 _ 3 ^_«+ 2 ^ = 0 . 

0^ X 
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p. 571 


Thus the equation of the oblique trajectory is 
-yi-c)+ '2xy f = 0, 
where a is constant ; that is, the equation is 

^•2 _ 2/‘2 _ ^ Jo ; ^.^.2 _ y 2 _ _ 2 iry }. 

In polar coordinates, the equation is 
d9 

r [r- sin (/3- 9)- c sin (/3 + /9)} = 7-- cos (yS - 0) - c cos {B + <9). 


JEx, 57. We have 

dll . dv 
— ^ ^ 


hence 
so that 


du . dv 

5 — h ^ ^ ■ 

dt/ &y 


'du 




.doo ~dx\ 


du _ dv du _ dv 
dy dx ’ dx ~ dy ' 
du dv du dv 


dx dx dy dy 


and therefore 

which establishes the proposition. 

In case (i), u -h iv = log r + i9, so that 

u = log 7\ 

In case (ii), u + iv = (cos y + i sin y), so that 
u = cos y. 

In case (iii), ti + iv — cos"“^ (x + iy), so that 

cos u cosh v = X, sin u sinh v = y, 
dtp' 

and therefore =1. 

cos" u sm‘-^ u 

In case (iv),* u + iv = tan""^ {x + iy\ so that 
x~^y tan u tanh v = tan -u, 
y - X tan w tanh v = tanh 
and therefore x'^ -1- y’-^ — x (tan u ^ cot tt) — 1 . 

Ex, 58. We have 1 — a + = 1. Now 

y-=(Qr + l)(^-l-l)4-2 {a(l4*^t? + 
2x+l 


2yy' = « + 1 + Va 


(1 + 0 ? + 0 ?®)^ ’ 
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hence 


I 


'■y . 


®1 — as® ^1— as® das + 


X + x^ 


(1 + X + x-)^ 


2yy'' + 2y'^-=^a 

(1 + X+X^)- 


2/'“ = i 


2 Va 


a + as ' 1+aas ' + 

2 A/a 


. 1 ('a:( l + «) 
'Ml+a; 


+ *" (1+ a; + 


Again, 
and 

so that 

2yy" - y'^- = V« y " f V« r - I • 

(1 + (1 4- 1 4“ ^ +^’“ 

Hence yy"- iy=-| | + j . 0. 

Similarly for the other value of y. 


Taking y = we have as the equation for u 

of which the primitive is 

^t = A {(a + a-O- + (1 + + B[(a + - (1 + ac)^}* ; 

consequently the primitive of the given equation is 

2 / = [^ {(a + a')^+ (1 + oix)i}^+B {(« + a')^- (1 + aa;)^}^]®. 


Bx. 59. y = A^ + ei^ {B cos (^x V23) + 0 sin (^x ^23)} i 
z==A^ + 6^* {.S' cos (ix V23) + G' sin (i® V23)} J ’ 
where 24ii' = - 4oiJ - 3 VlSa, 24(7' = 3 - 45(7. 


Ex, 60. Primitive is 

y = (A cos -h aB sin </>) 

= (— A sin (j> + B cos <^) 

61. Primitive is 

x^t + 2- 1 - (C' 4- 2Z)'^ + BE't^) e*' 

y = 2 4- 4- (B' + O't 4- + E'f) 


15 
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572 


Eoc, 62. Primitive is 

2 log (ir + y + ^) + G)Mog {x-^ coy + (o^z) — A " 

2 log {x-\-y + z)-\-(o log {x 4- co^y -f (oz) = B\ 

■where x is an imaginary cube root of unity. 

Ex, 63. Primitive is 

2 {x^^ y"-) ^ A] 

{x-y)- + %\og{l-xy)= b] 

Ex,Q4i, We have x = ucost + v smt\ 
y = sin t’-v cos tj 
where (to the first power of k) 

u- A = Ik {-4^ (Jsin + 3 sin ^ — I- cos 3^ + 3 cos t) 

+ 2AB (- 'J- cos 3^ — 3 cos ^ + sin t — ^ sin 3^) 

4 B‘^ (sin t — J sin 3i 4 i cos 3^ 4 cos t)], 
V- B — JA; [A'^ (— -J- cos St ~ cos i 4 sin sin St) 

+ 2A B (sin i sin 3^ 4 J cos 3^ 4 cos t) 

4 B^ ( J sin 3^ 4 3 sin ^ 4 cos 3^ - cos t)}. 
The equations should be 

ax 4 /8y == oLoo 4 /3'y 4 sin if 4 y cos tj 
/Si; — ay = ^'x — a y 4 cos t — y sin t ; 

the piimitive is given by equating the real and imaginary parts 
the complex equation 

(a — i/8) (log r 4 i^) = 4L 4 iB 4 (a ~ i^') t — cos ^ — i sin 
where x = r cos 6, y = r sin 0. 


Ex. 65. Differentiating each equation once, we have 


0 = (2*+p)g-a|, 0 = + + 


dq 

\dx’ 


dq 

'dx' 


1 ^. 

dx ’ 


Hence either (i) = 0, 5 

or (ii) (x 4 p) (^ 4 2jp) 4 aq = 0. 

From (i) we have p- A, q==B, so that 

y = Ax 4 — aB, z:= Bx + AB ; 

one solution, containing two arbitrary constants. 
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From (ii), substitute for q in the first equation ; then 
y = a? + 4ixp + tSp\ 

of which the primitive is y = | leading to 

a-S' = — + J[)2; 

a second solution containing one arbitrary constant, and distinct 
from the first solution. 

The equation in y and x has a singular solution 3y + = 0, 

leading to aZ’h 0 ; a third solution containing no arbitrary 

constant, and distinct from the other two solutions. 

(For the relation between the solutions, see my Theory of 
Differential Equations, vol. hi, §§ 19*7-201.) 


Ex. 66. The primitive is 

r™l r=l r—1 

where Xj, X.^, X., are the roots of 

I a — X', h, g =0, 

I K h-y, f , 

' (J, /. c-X' i 

and (u, — X>*) A^^ •+• hJBr •+ gO<f^ = 0, HAy + {& — X^*) -i- fOr — 0. 

Whm 

.t 9 ^ 

the equation for X' becomes 

that is, the roots are, X repeated, and yu.. For the root X, 

{a -X)A-h JiB ^gG=0, hA + {h-\)B +fa = 0, 
both of which lead to the single equation 

:t 9 ^ 

„ , , H f9 1 9^ f9 i\ 

For the root ix, we have a — — — — , b — fx = — yr —y = 0 ; 

thus 

Aa(~ + OaSf = 0, Ash + Bs[—y “ + Osf= 0, 

, , B' ^ B' ^ B' 

so that A —K, -Os = ~ > '^^~T > 

19’^ 
leading to the primitive required. 

15—2 
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p. 573 


Ex, 67. I do not understand the result, as an answer to the 
question. 

Ex, 68. The equations of the family are 

{x — z tan ay + Xy'^ = u, z = v, 

where u and v are parameters, and X is a fixed constant. Hence 
along the curves, we have 

dz^Oy . (x — z tan a) dx 4- Xydy = 0, 
so that (§ 160) E = \yy Q = z tan a- x,. E = 0. 

The condition that they can be cut orthogonally, being the cobt 
dition of integrability,'’ is \y tan a = 0, that is, a = 0, or the line of 
centres is perpendicular to the planes of the conics. 


Ex, 69. Use the method of § 164. The general primitive is 




x-^y 

and -d = -I for the particular conditions. 

Ex, 70. (i) (x + yY (y -f ^) = ; 

/••V A 

(ii) = A ; 

..... x^2x^z . 

(ill) ^A; 

(iv) (xy-z^-)y^=^A; 

(v) The condition of integrability is not satisfied for the 
given equation. It is satisfied for 

(2x + yz)ydx — xHy + (ir + 2^) y'Hz — 0, 

of which the primitive is 

x^ 


y 


-{■ xz z^ ^ A; 


(vi) 

^ ' X y z 

(vii) x^ {yz -^xz — = A ; 

, .... /sin a? sinv\ . . 

(vin) z 4- j 4- sm .sf = ; 

(i,) 

^ ^ z{x-\‘yy 
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(x) + 2 log ^ = A ; 

* SO 

(xi) = 

xy ’ 

.... xz—\ . 

(xiii) — i:ic = .1 ; 

(xiv) £^“ 2 / — 2 /® + -sr (£C 4- 2 /) = -4 ; 


(XV) 






111 

Ex, 71. Take ^ ~ ^ j eqimtion becomes 

A{B -- G)xdyd^ + B(0--A)ydj2dx + G(A —B)zdxdy = 0, 

which is the equation of the lines of curvature on 

Ax^ + By^ + Gjsf^ = 1 ; 
see § 168, Ex. 3, in the text. 


Ex, 72. (i) A consecutive line through the point is given by 
xu + yv + ^tv = 0, xdu + ydv + zdw = 0, 
so that we may take 

x = v diu — w dVj y = ludu — udw^ z =^iidv --x du, 

A consecutive point on the line is given by 

xit 4 * 2 /^ + ziv — 0 , udx 4 ^dy + wdz = 0 , 
so that we may take 

t{.=:^ydz — zdy, zdx — xdz, w = xdy — ydx. 

(ii) From the equation 4 + Cz^-^ == 0, we have 

Ay B . G . . 

and therefore 

A B 

g.n yll ^ 

ydz — zdy ~ zdx — xdz ~ xdy — ydx ' 

Thus the differential equation will be 

cMs” (^dz — zdy) + 63/” {zdLx — xdz) + ca" (oedy — ydx) = 0, 
if -da + jB 6 + C/c = 0. Hence the result. 
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(iii) The transformed equation is 
avP' (vdw -wdv) + hv'^^ (wdu — iidw) + (iidv ~ vdu) = 0, 

the primitive of which is 

= 0, A' a + B'h + G'c = 0. 
Eliminate % v, w between the former equation and 

accu^ -f h + czw'^ = 0, xii + yv-^zw — 0. 


Ex, 73. (i) z = {Ax + 4iA^y + Bf ; singular integral is = 0. 

(ii) = (Ax + By + C)-’" where = {2m 

singular integral is ^ = 0. 

(iii) s^ = B 1* (a + l)}i + 3 ( 2 / (a - 1)}^ + b : 
no singular integi'al. 


(iv) 



a + y 

a-y 


~ia- log (1 + «“) + b. 


574 


(v) {3(l + a)= + (l-a)^^}^ = 

/ (os + y-zy t(i» + y 
ginary cube root of unity. 


72(1 — a)- (x + ay + b). 



where w is an ima- 


(vii) z = F (x + y). 

( viii) 4!Z^ = x(a^ + x-)^ + y{y-- + aMog - ^ + b. 

y+if-or)^ 

(ix) (x — y+zy = {x + y — z)F(x — ^y + z). 

(x) z^ + zx = F (y^ + Z-). 

(xi) S' = J. + « cos a + y sin a + ■!■ log cosh 2y. 

(xii) z"--^a(x~yy + ^(a + z)(x + y)- = F(x + y + z). 
(xiii) Use the transformation of § 202. The equation boc( >mes 

IY(P-Q) + PX- QY- (X - Y) (PX + QY- Z), 

of which the general integral is 

<j>(X,Y,Z) = -Z + (X-^-Y-l)f{{X + Y-iyXY}=0i 

then use the relations in § 202. 

Or : — An integral of the Charpit equations is 
px + qy - z = a(p + q-1)] 
then proceed as in § 207. 

(xiv) zx = f{y^ + z^). 
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(xv) An integral of Charpit’s equations is » = ^ ^ : the 

. ... 1 — ay 

primitive is 

17:nr + ^s(«^-l)^+3j + Jlog(l-ay) = A. 

Z — X ^ 

1 -ay 

(xvi) z = xyf{x^+xy). 

(xvii) An integral of Charpit’s equations is p = aq: the 
primitive is 

log 3; + - l)i 4- i log {m + - 1)^} = B, 


where ii- ^{x + ay)lz, 

(xviii) z^ = {x 4- a)^ + (j/ 4- a)^ 4- 5. 

(xix) xz = F (Zx — ?/2 4- y), 

(xx) An integral of Charpit’s equations is — the 

primitive is obtained by effecting the quadratures in 


dz-- 


xdx ■ 

OG^ - 


■ y^y 


■ V'" 


ar (x^ — 2/0 + log 


x + v' 


A, X 

(xxi) + A? / + ^ , (a^x + B«.y+y 22 )^^ , 

(a^x + Bay + k«3« + Bay+yazY^) 

where the three sets of constants a, /3, 7, \ satisfy 

\a = aa 4 - /3A 4 - yg, 

\/3 = ah + /Si 4“ 7 /*, 

X-7 = 4- /3/4- 7c, 

and the ra.tios a : /3 : 7 in each set are obtained as in Ex. 66. 

(xxii) log {z — px — cry) — flog x = F {log (y ~ fix) — h log x}, 
where , p = <r (1 -/ ) = c - -^ 3 ^. 

(xxiii) Use the transformation of § 202 . The equation 
becomes (X -Y)P+QZ= 0 , 

of which the general integral is ^ 

4>(X,Y,Z)^(X-Y-Z)e~^-f(Z) = 0 : 
re-transform by the relations on p. 416. 
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Or : — An integral of Charpit’s equation is 
px qy — z — a: 

then proceed as in § 207, obtaining the complete integral 

a , ^ , x + y 

; == 6 4- a log ^ . 

x-\-y ° X 

(xxiv) z [{Ax + yY 4- + 1] = J5, 

(xxv) When multiplied out, the equation is linear of 
Lagrange’s form, for which the subsidiary equations are 

dx dy _ dz 

^ yz -- xy^ y^ ^ xy -- xz^ — y'^ — xy^^yV^x ‘ 

Of these, two integrals are 

X = \x^ + yz + \if=^ a, xy + \z^=b-, 

hence the primitive is F {X, F) = 0, 
where F denotes an arbitrary function. 

[The differential equation, as given, can be expressed in the form 

^dY^dXdY 

dx dy dy dx ’ 

where ^ denotes complete differentiation with respect to x, when 

z is regarded as a function of x and y ; and so for -y- . The result 

dy 

follows.] 

(xxvi) (a + b)z^ = + ^ + B. 

(xxvii) z = xy + x cos= a + y sin- a + i?. 

(xxviii) {z +/(A)}^ = |2«y + xf(A)} B. 

(xxix) a;” + y™ + a" = .P {xyz). 

(xxx) /(a® + 1 + Az)^ dz = xfi+ A'y^ + B. 

(xxxi) An integral of Charpit’s equations is = o ? : the 

general integral is 

^ = f y") tan-' ^- + B. 

j X -t y X 

(xxxii) yz-^-x^— f{xz — ^y% 


(xxxiii) 1 + 4a®a = 


hAey + B] . 

« J 
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(xx 2 dv) A = -I + G, where AB + A+B = (). 

(xxxv) Substitute u = e<^+V, v = !cy. the equation becomes 

(w + w)|^ + (l) + W2)~ = l-^^ 
of which the general integral is 

Ex, 74. Writing <1> = 2 ; — jp^t; — gy - a, we verify that the relation p. 575 
of § 208 is satisfied identically : hence the result. 


Ex, 7 5. (i) The general primitive is 


xz 

y ^ 


t 

X 


obtained as for a linear equation. 



For the first integral, take F — — 

For the second integral, take F = — 2 
instance of the general integral. 


i 


so that it is an 


(ii) For the first, we have (z — a) p = 2^ (z — a) q = 2b; 
elimination of a and 6 leads to the equation. 

For the vsecond, we have c^/p = cyg (z — a) = 2y; elimination 
of a and c leads to the equation. 

Taking the second equation in the form cy (z - a') = c-x 4 - 2/^ 
we have <s:, p, g the same for both if 

a = 5 — 2 - , he — z - 2- — a\ 
c 0 

that is, if 6 = - — 

c 0 

so that the first is a general integral derived from the second, 
regarded as a complete integral. 


Ex, 76. The complete integral is 

Taking X == tan ii = - a - X&, the equation is 
-- a) cos a + (y - 6) sin a; 

the equation z = (x- af + (y- hy is a singular integral 
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Another form of this integral is 

4 - c = ^ cos a + y sin a ; 
the equation {z^ + cY = co- + if 

is a singular integral 

Ex, 77. The complete integral is 

^ + % + ah ; 

and the general integral is given by eliminating a between this 
equation and 

0=« + Z' + (2/+a)^£. 

where h is any arbitrary function of a. We have 

jo = a, 5 = 6. 


Now 
that is, 


&a' + &^H-(% + a6)£ = 0, 
hx+lr + {z — ax) = 0, 


or 


x[q-p 


= 0, 

^ dp 


1 dp 


which, on multiplying ^7 ^ ^ ^ written 



z A ("L 

\q) 

dt l?i 


Similarly 
that is, 
leads to 


ax -h a6 + a (y + a) = 0, 

(^-^2/)^ + «(y + «) = o, 


d 


p. 576 Ex. 78. Take ax = x', hy = y'. The primitive is 

ax' + hy' \a.x' — by') ' 

This surface contains the line 

z + c = /jb (ax' - by'), z — c-F(im) (ax' + by'), 

for all values of y ; that is, it is generated by lines meeting the two 
straight lines 

2 + c = O') 0 - c = O'! 

ax'—by' = o\ ax' + by' = 0j ■ 
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Ea\ 79. An integral of the subsidiary Charpit equations is 

The complete integral is given by 

q- J = — 2f- + 2 log (1 + 

where t = — x — A general integral is obtained (§ 185) by 

taking h = h^ca, 

where k and c are independent constants, and combining the 
former equation with 

® "" 9a ^ 

_ _ _ _ e-» 

1 -b ^ 

From the latter, we have 

1 ^ 

^ = — 0 - 2 .?/ _ Q~y I 

6*“ C 

Substituting in the former, we have 

/ 2 

q- /c — <3: + 2 log c 4- ~ + 2^/ 

The e(|uation is to be satisfied hy z = x, y — 0, which requires 
c = + 2 log c + 1 = 0. 

When these values are inserted, the equation becomes 

^ 4- q- 1 = + {2iV 4 4?/ — 3) e-^. 

Ex, 80. The most general primitive of the equation is 

/!2 r ~ /2 

(j) {.^■ + ,y(^/2-l)} = i^[g)" {x-yW^ + Dl ■ 

Wc have to determine F so that the equation 

a; + ;y (V2 - 1) = I’ - 2/ (V2 + 1)} 
shall be the same as the equation a^ + y^ = l. Let 

a; + 7/(v'2 - 1) = M, «-y (\/2 + l) = v ; 

= 4 + 2 n /2 - - 2 ^2). 

(^) = {4 + 2 ^2 - - 2 V2)}t 


then 
that is, 
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Ex. 81. The general primitive of the equation is 
y + z tan a _ fy — ^ tan a\ 
x + a ' a ’ 

or its equivalent 


'7/ — ^ tan ctyl 
X —.a ) \ ' 


f y-\r z tan g, 

V ^ + (X } 

When ^ = 0, this is to be equivalent to 

+ ^2 _ 

The necessary form of (? is given by 

and the equation becomes 

z^ tan^ a = + 7/- — ct'l 

Ex. 82. The general primitive of the equation is 

^ -}- — = Fi 

+ vY \oiiy) 


(a? - yY {oo + yY 
The required particular solution is given by taking 

1 1 

2«r ’ 


F{t): 


. „ 

C--J C- + 


= 0 . 


and is C“Z^ — orsi^ {x^ — q/y — 

Ex. 83. The complete integral is 

z^ = x^ sec a 4 - ?/2 cosec a+ A \ 
and the general integral is given by 

z^ = sec a + 2/® cosec a +y(^)'j 

^ , sin a cos a . v } ' 

^ cos^a ^ silica 4-/ (a) J 

For the geometrical interpretation, see § 185. 

The differential equation of the surfaces is 
ooq- py^ a (1 4-^)^ + cf)^ ; 
an integral of Charpit’s subsidiary equation is 

4- 2^ = ; 

and we have 

^ - 6 = a (1 + a=“)i tan-' | + J {«“ («“ + f) -«“(!+ a=)}4. 
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Ex. 84. The differential equation of the surfaces is 
^ + ooq — yp 



a — c {a-h)q' 

or 

0 , - 6 = (6 - c) ~ + (c - a) . 

zp ^ zq 

Write X- = X, y- = 

= Y, z^ = Z-, this is 


a-6 = (6-c)i + (c-a)i, 

leading to 

p _ c+X Q c + X 

a+\' a + \^ 

and so 

X Y Z 

a+X^b + X^c + X^^^^- 


The second solution is a special case of the complete integral 
given hj fjb^O and 


Cl + ^ 


■■(b-cy^, 


y 

h 


= (c - a)^, 


z 

c+ A 




Ex. 85. Line-coordinates are defined as follows. When a ] 
straight line passes through a point {x, y, z) in the direction 
(Z, m, ?/), its equations are 

X^x_Y^y_Z^z ^ 

I m n 

The six line-coordinates are taken to be 

a=l\ f^yn—zmi] 

c ^n) A = X771 — yl 

so that 4- 6- + c"- == 1, q/+ hg + ch = 0. 

When the line is taken in the form 

X = rZ+p, T=sZ+x, 

I ^ m ^ g _ f 


we havc^ 


and tluni 


n 


n 

h 




= s/3 — rcr. 

If the line is a tangent to F (X, 7, Z) = 0, the equation 
F=F{rZ + p,sZ+<y,Z)^0 
must have equal roots : that is, the relation 

dF ^ ^FdF_. 


I. 577 
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coexists with F—0. The complex of tangents to the surface F=0 
is the eliminant of F and Q with respect to Z -, when it is denoted 
by @ = 0, we have identically 

@^PF+QO, 


with appropriate degrees for P and Q. Now 


—=(ZP^q)^, 

under the conditions ^=0, (? = 0 ; 


0<H) „ dF 

87“-' «■ 


ae 

dcF 

hence 


dF 

w 


9@ a@ 00 30 ^ 

3r dcr ds dp 

The condition is necessary. 

The condition also is sufficient ; for, with 0 = 0, it secures 
that J^ = 0, e=0. 


The equation 0 = 0 must be transformed so that a, b, c, /, g, It 
are the variables. The transformed equation {a, b, c,f] h) = 0 is 
necessarily homogeneous in its variables : so, if its order is we have 

Now ^ (a, b, o,f, g, h) = n*4> (r, s, 1, a, - p, sp - ra) 

= n*©(r, s, p, a-)] 


so 


w 


,30 


dr da 
ds 


3</) 86 

71 ™ — Tier 


.30 36 d(j> 

dh^ ’''d<T^^'df 
d<f> d(^ .30 3</) 36 

36 ^ c)h dp ck/ dk 


Substituting in the ©-expression for the necessary and sufficient 
condition, and using the foregoing relation, we obtain the relation 
in the required form 

^37^ 36 3^ ^ 3c 3X^ 

The second form of the equation is at once derived by using 
transformation of variables. 


The complete primitive of the last form of the eqxiation, which 
should be 

is b^Aa + Bf-ABg-vO. 
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The general integral is given by this equation, combined with 

0=<l>{A,B)] 

shewing that the general integral includes the complex of lines. 


Ex. 86. With the notation of the example, the general expression 
for the perpendicular being 


1 

if- 


-ti- + 


du\° 


4“ 


Buy 


,d6j 0\d(l>, 


the differential equation pf the surface is 




1 

sijy dVdcj^j 


So, writing 
we have 

Use § 200 ; we have 




se 


+ 

d<p 

m 

d6 


1 (dty 


sin' 


<9 W 


^ dty 

= 1. 


: sm a, 


1 - 


sm-" a 
sin^ e ’ 


Hence ^ - /S sin a + J 

leading to the result. 

Ex, 87. (i) See Ex, 17, (ii), Chap, ix ; the solution is given, 
p. 154, above. 

(ii) Let z-=Z, x^ = e^s 5 the equation 

becomes ^2 (4^ 4. p^) = p^ (P^ ^ P3). 

Two integrals of the. subsidiary system are 

P, = BP,, 

and these satisfy the condition for coexistence. Resolving for 
Pi, P2, P3, and writing 

t = Z.1 + jdAa + BX%i 

we have {A — B) ~ + 4ia^Z{A — B)]-, 

whence the primitive follows at once. 
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where 


(iii) FU, 


00^ “ 

u = {a\ — 


= 0 , 

^‘i)^ (2xi + 2a;2 + 2a).^ + 3^). 


Ex, 88. Integrals of the subsidiary equations in § 221 are 

i>2 = ajpi, 

leading to (^ — c) (1 + a- + 6*-^) = 2 (xi + ax.. + hxQ)% 
which is the second solution. 


If the first solution can be derived from it, the values of the 
derivatives must be equal ; hence 


^ Xi + ax2 + bx-i 

1 + a" + 

with two others. These give 


=Pi- 


Xj X2 

- s=: or, — ; = era, 

+ ai ^ + a2 


ai 

^ ’ 

" (s + a 


=cr&, 

^ H- a.. 


so that 
and therefore 


Xi + ax,. T- bx.i __ cr 

1 4“ a^ + 6"^ <7“ ( 1 + ct^ 4“ 6“) 

a (.% 4 “ axQ 4 - bx-i) = 1 , 


which on substitution for cr, aa, ah gives the result, 
value of c is obtained by equating the values of 2 r. 


The proper 


If the third solution is derivable from the second, the three 
derivatives must be the same. This requires that values of a. and 
b will satisfy the three equations 


9 ^ + ^^2 + bx^ 
1 “h a*^ 4^ 

2a - 

i 4~ 4” 6** 


26 


Xi 4 “ ax2 4 - bx^ 
1 4 - a^ 4~ b'^ 


= 4^w, + 2i V2 

(^•1" 4- x^)- 

= 4^r,+ 2iV2 ,, 

(,'rf + »;/)- 

= — 2aj., + 2i a/ 2 (a'i“ + a;/)- : 


it is easy to verify that the values 

n'ti ^ ““ 4" \/2 

^'1 Xi [2 + i V 2a’3 ~ ’ 

satisfy all three equations. . 
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'Em, 89. The Jacobian condition for coexistence is satisfied. 

^^hen the equations are resolved, we have 

¥ 3/ ^ 

?ix _ 3 y _ 'bz 

3 (y + zf ” I + yy^ 

fence 3(3/ + + 1 (^r + xf cZy + — yf dz=^0 

3 an exact equation ; its integral, obtainable by quadrature, is 
Sxy + 2xz -\-yz 
a)-j~2y ^Sz 

?he most general integral common to the two equations is 

\ x+2y + Sz )' 

Ex. 90. The most general integral of the second equation is p. 573 
u=. (5b(ir2 + 2 /^ 2 ) = ^(t, z), 
vhere = x^ + y\ The first equation now is 

integral of the Charpit subsidiary equations is 
d<h M 

V I. T -J— — n 


Using the method of § 207^ we have 


so that (f ^z-) + a tan”^ ^ 

Ex. 91. We have {Fi, F 2 ) — pip^Pi - p-i = i^ 3 == 0, 

= (F2.F,)==0. 

Kesolving, we have i/'o = — PiXi +P 2 X 2 + p-iXi + P^^-a - 0 , and the two 
distinct sets 

Pi2h -1 = 0 ’] p^p2 + 1 = 0 '!^ 

P3-i^4=0j’ i:>a+P4=0j 

A complete integral for the first set is 
I . ^z - {ifi (4 + ax^ + - + & ; 

|and a complete integral for the second .set is 

2z = [X2 {Xi + ttiCa — ^£^ 4 )}^ + 6 . 

|ln addition, there are the associated general integrals. 


16 
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Ex. 92. We have {F-^, F^) = 0 identically. 
The integrals of the subsidiary system for 

2 {x^ + x^ p2 + x^ (ps +Pi)=0 


are u — Xy, v = xi — {x^-^- x^, w — x^ — Xi\ 


and every integral of the equation is a function of u, v, w. When 
u, V, w are taken as independent variables for the other equation, 
it becomes 




A 

dw 


The integrals of the subsidiary system are 

u^Vj wju ; 

hence all integrals of both equations are functions of these two 
quantities. 


Ex. 93. Let denote a { ■ 
du 


dk 

du 

aa 


\dx^ 


±\, 

X dx) * 


then 




\dx^ ^ X dx) ' 

= [{2k + 4/c2^“) 2ke^''^‘'] 

du 


= 4kic + 4k^ 


dk' 


The most general integral of this equation is 
uk ^ F — 4a 

To determine jF, let a = 0 ; then 

u = 


so that 

or 




/I k 

Consequently Fl^-Aa , 

leading to the required value of u. 
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Ex, 94. (i) Using Monge's method, we obtain an intermediate 
integral {px + qy — zy ^ 

+ 1 ^ 

a relation which expresses the property that the perpendicular 
from the origin upon the tangent plane at any point is a function 
solely of the distance. 

The integral of this equation of the first order is given in 
Ex. 86 (p. 239 supra), 

(ii) z -- xy log X = xF + G (poy), 

(iii) Change the variable x to : primitive is 

X 

(iv) Use the dual transformation; the new equation is 

y't' — x's' '{•y'r' 

Let m and n be the roots of the equation 

y'k- — x'h + 2/' — 0 ; 

then Laplace’s transformation (§ 254) changes the equation to 

av 


where 


d^dy 

dx'^'^dy'^ 


-0, 

dy ^ dy 
dx' ^ dy' " 


The primitive is z = F (^) -1- G (y), 

where we can take the simplest non-zero solutions of the equations 
for ^ and 7?, 

To determine the subsidiary equations are 
dx' _ dy' __ d^ 

1 — m 0 ’ 

that is, = = + 

the integral of which is 

{x' + - 41/'^)^} {3i»' - = a ; 

SO we can take 

' f = {a?' + (x'^ - 4y'0^} {3^' - " 42/'04}^ 

Similarly y= [x -- (x'^ — 47/'^)^} (3^' 4* {x'^ — 

Thus we have the. primitive of the ^^'-equation. - 
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Let ^ = (i?); then (§ 202) the primitive of the original 

equation is given by eliminating m’ and y' between 

a<E> 0<i> ,d<i> ,0<E> , 

^“3®" ^~dy'’ ^ ^ ay “ 

(v) ^ = lasy {(log tioY - (log yf} + xyF + G (xy). 

(vi) log z — F (Xa? — y)+Q (Xa- + y). 

(vii) x + y + l{x-yyF{z) = G{z). 

(viii) Adopt Ampere’s method. There are two systems of 
equations, viz. 

py‘-q = 0, (y-x) {qp' - pq') + ^q{p ■¥ q) = 0-, 

and p + gy'=0, {y- x){pp' + qq') + q,p{p + q) = Q, 

The latter have an integral 

z = constant = a ; 
the former have an integral 

p y + ^ Q . 

P + 2 

so that the further equations are 

The primitive is given by the elimination of /3 between the equations 

{x~ ^){y- ^)=:F{$)\ 

{x-y){x + y-2^) + 2u= G (a)J ’ 

where = 

and Fj 0 are arbitrary functions. 


(ix) aa^) + G(f- bw^). 

(x) Use Ampfere’s method : substitute 

5 = r=:p'-- qY + ty'% 

and equate to zero each coefficient of powers of. t 
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From tlie coefficient of t, we find 

{X + y) {{qz + /r) y' + pz + yY = 0, 
that is, {qz + w) y' + pz -i- y = (), 

lead to Z ~ ^ zr + xy = a. 

From the coeffieicait of t\ we have 

(</s + «■)“ [(.'/; + //) (y/ - (iy') - p- (p + 7)] - (pz + yY (f {p + q) 

- 2 {({3 + .r) {ps + y) [fy' (p 4 . fy) _ (1 + pq) (y, 4 ^ q. 

By tile use t)f the lormor e( [nation, this leads to 

{X + //) {p + q y') - {p + q) {z'- + 2 y') ^ 0, 
on using z — p + qy\ 

Now from the last, p' 4 - q'l/ = z'' - qy'" \ 
and from tlie t‘arlier e<|nat.ion, which was 

zz* H- xy -f y *= 0, 

^/' + ^''^^ + a7/' + 27 /== 0 ; 

+ V) Hlf') + (P + q) {zz' 4 - xy‘) = 0 . 

(-!,• + y 4 - pz *}~ qz) + {px — qy) y" = 0 . 
pz 4- // _ qz -\ X _ px - qy ^ ^ px - qy 
y " — 1 — V — qy' z' ’ 

and tlierefort^ z'* {//' — 1 ) — z'y" = 0, 


we havi^ 
kSO tliat 
Thus 

But 


so tluit 


I 


- = (f. 


Thus an internualiary integra.1, the only one, is 

y 4 pz 4 X V qz ' 

Inti^gratt* t.liis : sul)stitute^ 

Z i 4 xy, 

~ iPi 

Tlu‘ euiiafcioii is {P + Q) fX') ^ i • 

\2iZ-tm/)Yi 

of the siinpkmt La^a-aiipa^ type. The primitive is 

■ 4 y) F iZ) + {‘2 (Z- xy )\ i = 0 {Z), 

or, what is the same thing, 

z = (w + y)<p{Z) + -y}r {Z), 
with the forogoitig value of Z. 


16—3 
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579 


3^2 

Ex. 95. From {x - yy + kz = 0, we have 


(x - yy 
{x - yy 


dx^dy 

dxdy^ 


dxdy 


Then 


(ii) («. - yy.^^ 4- y |) + « (.^• f^^y I) = 0 ; 


9 "- / .dz 


(in) 


=?f 

dy 


i„dz .,92 

+ '■(*■5;+ •’'■3, 


:(). 


Thus a;** — + is a solution of the equation for n = 0, 1, 2 ; it 
is not a solution for other values of n. 

Ex, 96. Take x' y' — the equation becomes 

d^z 
dx'dy 

of which (§ 262) the integral is 


7 / 


2 = 2{/'’"-V’(0}- 


For the second part, we have 

p = ~y sin (xy cos cos <l) dcj), 

*> 0 

( *«■ 

^ sin (xy cos <^) cos (pdcj)'- xy j cos (xy cos <56) C( >S“ (f>d(f>, 
and therefore 

s + xyz = ~ sin (xy cos (f>) cos <l>d^-^ xy j" cos (xy cos <j5)) sin^ (f> dcj^. 
Integrate the second integral by parts j its value is 

I (xy cos (/)) sin <3!.J ^ + J' sin (xy cos <}>) cos ^dct>. 


■ sin ( 


Hence 


s + xyz = 0. 
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Ex. 97. We have g = J'cos ^ ^ d<f>, 


c? 2 /“ J 0 


f"d<j); hence 


/dhc . d^ii\ 

*te + 32?j = -J« 


f x^m-d>f'd(h 

J 0 

sin (/) ./'j — J cos </>/'c?(j6 = 


For the second part, we have 


COS 4- ir I cos^ dcj>, 

J 0 

' cos- </)/' <i<j6 + X [ cos^ (]()/' ^ cZ(^, 


hence 


^ -I- = 2 f cos- (bf d(b — rr f cos sin- <j>f'd(b 

ox^ oy- Jo ‘ Jo 

r . .1’^ 

= 2 K cos- + cos (f) sin (p f — | {cos^p — sin^p) fdp, 

J 0 ‘ I,. ‘ Jo Jo 


and therefort 


* (£ ■" a!P - £ - i 

= — l^sin p . / = 0 , 

Kx. 98. (i) For the first equation, see Ex. 8, | 278, in the text. 
( ii) Substitute z = ; then h? = fc, = h, so that 

// == 0 ] 1 ) col CO") 

/r = or ir coV 

ice ^-^ 0 + i A, 

fX^l 

Ex. 99. We haves a ^ = P + W + y<l' + ■2»'') ^ J 

D — a — xp' — yq'— zr', 

du _ 2^ ^—5. ?!f— £. 

Woo~D’ dy~ D’ dz E' 


we have 
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Similai’Iy 


- P' - W' + y(^' + zr") £- , 


and so for the other derivatives. Thus 
/9m V . /9*A^ . /9m\“ 




^ ^ ^ dhi (PF /duy 

dx^ du dx^ ^ dv:^ \^) ' 


and so 


Again 
so taking 


we have 


OX" 

G_^Qdu 
D~~pWx ’ 

F I (u) = du, 

^ P 


D dx 


But, by the preceding part, 

OX^ 

and therefore (~ 4- Mi _ a rni 

W ^ d^f ^ dzV dx ^ 

M . Ml. _t 

9 .^*- d^f ds^ ““ 


Ex, 100. Let F = TT 

^ r u n-^anth > 

where Un-^n. is a homogeneous function of degree d - %n ■ usiny 

the theorem ’ ‘ ^ 

J'U ^ W . dU . . .. 


we have 


dx ^ ay + ^ 0^ = (»» - 2wi) u, 


- 2m (2n - 2m + 1) + r™ V^Un-in- 

and^oLte of -JoS^o ., 

V' — y — A:^r^V^V -\- Air*V*V - A^r^V<^V + ..., 
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we have V-’m = — ^2 (2ii — 1) V“F + r^V^F} 

+ ^2 {4 (2re — 3) r“ V^F + ys 7| _ 
so, taking - ylj . 2 (2a - 1) + 1 = 0, 

J2.4(2)i- 3) + J.i = 0, 

we have V“«, = 0. 

Further, write V'- F = <jb, where 4> is of degree n - 2. Then, by 
the preceding part (as Vhi = 0), 

V“F=V^[J..»-“y"F-^2»”‘^"F+ ...], 

and therefore (p = [Ai7-^p — + ...], 

that is, the Particular Integral of the equation 

V“m = p 

IS ii = A^r-p — A-^r^V'^^p + A^r'^V-^p — .... 
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